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Abstract
We initiate the classification of unitary superconformal defects in unitary superconfor-
mal field theories (SCFT) of diverse spacetime dimensions 3 ≤ d ≤ 6. Our method explores
general constraints from the defect superconformal symmetry, unitarity, as well as consis-
tency conditions of bulk-defect couplings. Such features are common to all superconformal
defects regardless of any Lagrangian description. In particular, modified Ward identities
of conserved currents in the presence of the defect induce a distinguished set of conformal
primary operators on the defect worldvolume, which includes the universal displacement
operator associated with broken translations transverse to the defect. Consistency with the
preserved superconformal symmetry and unitarity requires that such operators arrange into
unitarity multiplets of the defect superconformal algebra, which in turn leads to nontrivial
constraints on what kinds of defects are admissible in a given SCFT. We carry out the anal-
ysis explicitly for one-dimensional defects, namely superconformal lines, and leave the study
of higher dimensional defects to forthcoming work. Along the way, we determine the su-
perconformal algebras relevant for candidate lines and classify their unitary representations.
For the allowed lines, we further investigate supersymmetric deformations induced by local
defect operators found in the multiplet analysis. In SCFTs of d > 3, we find that supercon-
formal lines preserving transverse rotations (or sufficient supersymmetry) admit no relevant
or marginal deformations. On the other hand, lines in 3d SCFTs have a much richer struc-
ture, permitting marginal and sometimes even relevant deformations. Interestingly, certain
lines, such as the half-BPS line in 3d N = 8 SCFTs and general lines that break continuous
flavor symmetries, are required to admit marginal deformations. We also comment on the
implications of our results for one-form symmetries in SCFTs.
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1 Introduction and Summary
1.1 Conformal Field Theory and Defects
A central problem in theoretical physics is to delineate the space of consistent quantum field
theories (QFT). This is a difficult task since QFTs are generically strongly-interacting and
conventional Lagrangian descriptions are often either nonexistent or not useful. To this end,
conformal field theory (CFT) provides a powerful framework to classify and characterize
universality classes of QFTs. CFTs govern the critical behavior of quantum systems near
the fixed points of renormalization group (RG) flow, which often enjoy enhanced conformal
symmetry. Many physical questions about QFTs, including their classification, can be ad-
dressed by identifying the CFTs that they are connected to by RG flows, and furthermore
by understanding the associated observables and deformations thereof. One major advan-
tage of this approach is that it completely bypasses the need for a perturbative Lagrangian
description of the RG flow and its associated fixed points, owing to a nonperturbative def-
inition of CFTs. The fundamental observables in any CFT are the correlation functions of
local operators. They admit an operator-product-expansion (OPE) and are required to obey
certain consistency conditions such as conformal symmetry, unitarity, and crossing invari-
ance, which along with the spectrum of local operators define the CFT axiomatically. The
general conformal bootstrap program explores this framework to rule on the consistency of
abstract CFTs beyond kinematic constraints, and in particular seeks to provide bounds on
and determine fixed point data such as critical exponents and OPE coefficients. There has
been lots of exciting progress along this line in recent years (see [1] and references therein).
There is yet a richer layer of critical phenomena in QFTs that arises from the universal
behavior of quantum systems in the presence of defects which break a part of the spacetime
symmetry. This arises naturally in the condensed matter setup, where the defects come from
quantum impurities in the system.1 One well-known example is the Kondo model [4,5], which
describes a single magnetic impurity surrounded by an electron gas in a non-magnetic metal
(restricted to the s-wave); correspondingly, the critical phase is described by a conformal
line defect in the two-dimensional SU(2)k Wess-Zumino-Witten CFT [6–9]. These kinds of
defect critical phenomena also play an important role in string theory, where D-branes are
described as boundary defects (Cardy states) of the worldsheet CFT [10–13]. The D-branes
evolve nontrivially under worldsheet RG flows, induced by both boundary and bulk relevant
perturbations, and are crucial in understanding both open string and closed string tachyon
1See [2, 3] for reviews on relation between quantum impurities and defect CFTs.
3
condensation [14–23]. More generally, defects in QFT can be defined either as insertions
of exponentiated integrals of defect densities L, which are composed of the bulk elementary
fields φ, over a worldvolume Σ,
D = ei
∫
Σ L(φ) , (1.1)
or as boundary conditions along Σ in the path integral,
〈D . . .〉 =
∫
Dφ|φ(Σ)=φ0 (eiS(φ) . . . ) . (1.2)
The former is often referred to as the order-type defect, a canonical example of which is the
Wilson line (loop) [24]. The latter is known as the disorder-type defect, which includes the
codimension-2 twist (monodromy) defect [25,26] and the ’t Hooft line (loop) [27]. These two
types of defects can be superimposed to define more general defects, such as Wilson-’t Hooft
lines [28]. Defects can also be modified by coupling them to degrees of freedom localized on
their worldvolume Σ.2 Note that it is not uncommon for a single conformal defect to have
multiple (UV) descriptions, such as order and disorder defects at the same time.3
The inclusion of defects ushers in a new classification program of extended QFTs, and
their corresponding universality classes by extended CFTs (also known as defect CFTs or
DCFTs for short). In fact, defects are essential for a complete description of QFTs in general.
In particular, both the generators and charged objects for higher-form global symmetries are
generally realized by extended defect operators, which play an important role in describ-
ing the phase diagram of the theory [30]. A familiar example is given by Wilson-’t Hooft
line operators [28] in four-dimensional gauge theories, which are charged under one-form
symmetries and act as order parameters for confinement/de-confinement phase transitions.
Furthermore, QFTs that are identical at the level of local observables can harbor signifi-
cantly different defect operators depending on global structures and topological interactions
of the theory (e.g. discrete θ-angles) [31].
For simplicity, we focus on defects that are planar and extend along a subspace Σ in the
bulk spacetime as Σ = R1,p−1 ⊂ R1,d−1 with 1 ≤ p ≤ d− 1.4 In the critical phase, the defect
preserves a subalgebra of the full so(2, d) conformal symmetry associated to the d-dimensional
bulk fixed point. The preserved defect symmetry includes the conformal subalgebra so(2, p)
2We do not consider trivial defects that involve stacking a lower-dimensional CFT on a spacetime sub-
manifold without direct coupling to the bulk CFT.
3For an example of such IR dualities for defects in CFTs, we refer the reader to the discussion about
surface operators in 4d N = 2 SCFTs in [29].
4The spherical conformal defects with Σ = Sp ⊂ Rd preserve an isomorphic conformal subalgebra (after
Wick rotation) and can be obtained from the planar defects by inversion.
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of Σ, and hence defines a p-dimensional conformal defect D. Note that the commutant of
so(2, p) ⊂ so(2, d) is the rotation symmetry so(d − p) transverse to Σ, which may or may
not be preserved by the defect D itself due to either specific bulk-defect couplings or local
couplings on the defect.
The presence of conformal defects greatly enlarges the set of observables in CFT, including
critical exponents and OPE coefficients intrinsic to the defects. The axiomatic definition of
the bulk CFT also has a natural extension that incorporates the defect observables, which
leads to bootstrap conditions that tie together both defect and bulk CFT data [32–35]. By
exploring the bootstrap constraints, one can hope to carve out the space of extended CFTs
decorated by conformal defects, as well as solve for the defect observables in specific CFTs.5
1.2 Superconformal Defects and Defect Multiplets
A large class of nontrivial conformal defects are known in superconformal field theories
(SCFT) that preserve a fraction of the bulk supersymmetry, namely the superconformal de-
fects.6 In fact for d > 4, the only known unitary interacting CFTs are superconformal.7
Supersymmetry provides us with extra tools to analyze defects and attack their classifica-
tion problem. In one approach, we can analyze superconformal defects that admit explicit
descriptions, either in terms of supersymmetric RG flows connected to a Lagrangian descrip-
tion (such as for Wilson loops in gauge theories), or in terms of supersymmetric defect branes
in dual string/M-theory constructions. For these theories, a precision study of critical defect
observables is possible in large part due to non-renormalization theorems. An indirect but
more general approach is to follow the implications of superconformal symmetry (combining
supersymmetry and conformal symmetry), which leads to strong constraints on what kinds
of defects can exist in unitary SCFTs. These restrictions often turn out to be quite stringent
even at the kinematical level of the putative superconformal algebras and their representa-
tion theory. One of the main goals of this paper (and subsequent work) is to systematically
explore such constraints, which paves the way for a more complete classification through the
dynamical information of the defect SCFT.
The constraining power of superconformal symmetry and its associated unitary represen-
tations is well-proven in the absence of defects. Indeed, there is an explicit classification of
the superconformal symmetries Gs of (local) interacting SCFTs, which exist only between
5The Z2 twist line defect is the 3d Ising model has been studied from the bootstrap approach in [36,37].
6For a recent review on (super)conformal defects, we refer the readers to [38].
7In [39] some evidence was presented for a potential non-supersymmetric 5d CFT obtained from deforming
a well-known 5d SCFT of [40].
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d = 2 and d = 6 and with at most 32 fermionic generators (supercharges and superconformal
charges) [41–43]. A crucial part of the argument in [43] is the synergy between the unitary
representations of superconformal algebras and the existence of a local, conserved, traceless
stress-tensor Tµν . For instance, requiring that the stress-tensor fits consistently in a unitary
representation of Gs rules out otherwise admissible superconformal algebras (e.g. osp(8
∗|N )
for N > 2 in d = 6 and su(2, 2|N ) for N > 4 in d = 4).
Our strategy for classifying superconformal defects is similar in spirit to that of [43]. The
key ingredient giving rise to the nontrivial constraints used in [43–45] is unitarity. Here we
rely on a natural extension of the usual notion of unitarity to the defect operator spectrum
and the defect OPE. In other words, a unitary conformal defect in a unitary CFT is defined
by a collection of bulk and defect operators whose quantum numbers obey unitarity bounds
arising from the (super)conformal algebra, and whose correlation functions satisfy reflection-
positivity (after Wick rotation to Euclidean signature) and crossing symmetry. In practice,
this requires the order-type defect (1.1) to come with a real defect density L(φ) and the
disorder-type defect (1.2) to be specified by boundary conditions in agreement with the
reality conditions imposed on the fields.
While we mostly focus on superconformal line defects in the main text, we present our
strategy for the classification of general superconformal defects. We first enumerate super-
conformal subalgebras gs of the bulk superconformal algebra Gs that describe the supercon-
formal symmetry of a putative p-dimensional defect D in the d-dimensional SCFT. As we
shall see, the list is rather short due to the rigid nature of superconformal algebras. For
example, the fact that F (4; 2) is the only 5d superconformal algebra, and cannot be a subal-
gebra of any other superconformal algebra except itself [46], implies that there cannot exist
any superconformal defects of dimension p = 5 (i.e. interface or boundary) in 6d SCFTs.
We then proceed to classify unitary representations of gs.
8 We note that some of these
representation theory results have previously been developed for different purposes and can
be found scattered through the literature [48–59]. In this paper, we carry out the analysis
systematically and explicitly following the Racah-Speiser (RS) algorithm for each instance of
1d superconformal algebras relevant for line defects. A crucial difference between our analysis
and that of [43] is that defects generally do not support local conserved stress-tensors on
their worldvolume Σ. Instead, the role of the bulk stress-tensor multiplet of Gs in [43] is
8To be more precise, we are interested in unitary lowest weight (positive-energy) representations whose
scaling dimensions are bounded from below. This follows from the usual condition that the Hamiltonian is
bounded from below in a physical QFT as applied to the radially-quantized CFT [47]. In this paper, all
unitarity representations are of the lowest weight (positive-energy) type unless explicitly stated otherwise.
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substituted by the displacement multiplet of gs on the defect D.
A general conformal defectD breaks translation symmetry orthogonal to the defect world-
volume Σ, which leads to a modification of the Ward identity of the bulk stress-tensor by
operator-valued contact terms on Σ [33],9
∂µT
µi(x) = −δΣ(x⊥)Di(x‖) . (1.3)
Here Di is the displacement operator, named as such because its insertion on the defect D
effects the infinitesimal change of D under a transverse translation by Pi, as can be seen by
integrating the above modified Ward identity. The displacement operator Di is a universal
defect conformal primary whose normalization and transformation properties under other
symmetries of the bulk CFT are completely fixed by (1.3). Similar to how correlation
functions of the stress-tensor encode universal quantities such as conformal anomalies (for d
even) and more generally central charges (e.g. the stress-tensor two-point function coefficient
CT ) of the bulk CFT, the correlation functions of D
i are related to new conformal anomalies
localized on the defect worldvolume Σ [60–72]. More broadly, the Ward identities for other
conserved currents in the bulk can also be modified in the presence of the defect and give
rise to conformal primaries on its worldvolume. Altogether, the bulk continuous symmetries
broken by the defect D lead to a distinguished set of defect conformal primaries which will
be central to our analysis.
To set the notation straight, we denote the global symmetry algebra of the bulk SCFT
by Gf so that the full set of conserved currents in the SCFT is characterized by the algebra
G = Gs ⊕Gf . (1.4)
The superconformal defect D preserves a subalgebra g ⊂ G,
g = gs ⊕ gb ⊕ gf (1.5)
which contains the superconformal subalgebra gs ⊂ Gs on the defect worldvolume Σ, a
bosonic symmetry algebra gb ⊂ Gs generated by (combinations of) R-symmetry and trans-
verse rotations that preserve the defect D and commute with gs, and the residual flavor
symmetry gf ⊂ Gf preserved by the defect. Note that from the defect perspective, gb and
gf are both thought of as (global) flavor symmetries.
9Here we split the flat space coordinates as xµ = (xa, xi) with a = 0, . . . , p− 1 for longitudinal directions
to the defect D and i = p, . . . , d for transverse directions. We also denote collective xa by x‖ and xi by x⊥.
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For a superconformal defect D, the defect conformal primaries are organized into mul-
tiplets of the defect superconformal algebra gs and are related by acting with the super-
charges Q preserved by D. They also carry additional quantum numbers from the bosonic
symmetries gb ⊕ gf that commute with gs. Among all the conformal primaries in a unitary
superconformal multiplet, there is a unique bottom component of lowest scaling dimension
(which transforms in a particular representation of the weight-zero subalgebra of gs), namely
the superconformal primary. At the other end of the multiplet are top components whose
Q descendants are conformal descendants. We emphasize that a superconformal multiplet
can have multiple top components [43]. Some are manifest top components in the sense
that their Q-descendants must also be conformal descendants based purely on the allowed
quantum numbers of conformal primaries.10 Much subtler are accidental top components,
which can appear in short multiplets that contain null states. In such cases, the short mul-
tiplet contains conformal primaries (accidental top components) whose Q descendants could
describe conformal primaries in principle, as their existence is consistent at the level of quan-
tum numbers, but are in fact conformal descendants.11 This analysis hinges in particular on
an explicit construction of the states in the representation.
By analyzing the modified Ward identities for bulk symmetries broken by the defect (e.g.
(1.3)), we can deduce simple structural theorems for the induced operators on the defect and
how they sit inside superconformal multiplets. For example, the displacement operator has
to be a top component in a distinguished multiplet, namely the displacement multiplet (see
Section 4.2).
Since the quantum numbers of the displacement operators are completely fixed, we can
verify whether such displacement multiplets are admissible among the unitary representa-
tions of the putative superconformal symmetry gs. This places strong constraints on whether
gs can be realized by a superconformal defect. Similarly, by analyzing possible realizations of
other defect primaries associated with broken bulk symmetries in superconformal multiplets
of gs, one can deduce constraints on what kinds of bulk symmetries can be broken in a way
consistent with the preserved defect superconformal symmetry gs.
10Note that the conformal primary of the highest scaling dimension is a manifest top component. For a
long multiplet (with no null states), this is the unique top component [43]. However for short multiplets the
converse is not true. A short multiplet may contain manifest top components that are not of the highest
scaling dimension, named sporadic top components. A short multiplet may also contain accidental top
components.
11A familiar example is the conserved so(6)R singlet U(1) current in the 3d N = 6 stress-tensor multiplet
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1.3 Summary of Main Results
Here we give a short summary of the main results in the paper12
• Enumeration of 1d superconformal subalgebras for line defects :
In Section 2, we list 1d superconformal subalgebras of the known superconformal al-
gebras in d = 3, 4, 5, 6. These represent the superconformal symmetries of candidate
superconformal line defects in the corresponding SCFT. Along the way, we correct
some incorrect statements in the literature.
• Unitary representations for 1d superconformal subalgebras :
In Section 3, we present an explicit classification of the unitary representations of the
1d superconformal algebras, following the RS algorithm. This includes the unitarity
bounds, constituent conformal primaries, and null states for short multiplets. We
also discuss recombination rules for long multiplets at threshold (i.e. at the unitarity
bound).
• Structural theorems for the displacement multiplet and general broken current multi-
plets:
In Section 4.1, we analyze the modified Ward identities of bulk conserved currents in
the presence of a superconformal defect, and the corresponding defect conformal pri-
maries induced by the broken bulk symmetries. In Section 4.2, we deduce structural
theorems for defect superconformal multiplets that host these distinguished defect op-
erators, which include the displacement multiplet and more general broken current
multiplets.
• Classification of superconformal line defects :
In Section 5, we systematically classify potential line defects D preserving the super-
conformal subalgebras gs (and any flavor symmetries) found in Section 2. We do so by
identifying the conformal substructure of their unitarity representations, as listed in
Section 3, with the distinguished defect operators required by the structural theorems
of Section 4.2. We rule out potential line defects whenever the two sides are incom-
patible (see Section C for details). In this way, we exhaust the kinematic constraints
from superconformal symmetry and its unitary representations on superconformal line
defects.
[43, 73].
12Superconformal lines in 2d SCFTs are distinguished by their enhanced super-Virasoro symmetry. As
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• Deformations of superconformal line defects :
An interesting byproduct of our representation theory analysis concerns possible super-
symmetric deformations of line defects. These are associated to top components O of
defect superconformal multiplets integrated along the defect worldvolume Σ. Since the
Q descendants of O are all defect conformal descendants (namely total derivatives),
the deformation preserves all supercharges Q ∈ gs. As we explain in Section 6, the
only instances of superconformal defects that admit relevant or marginal deformations
preserving the supercharges arise when the defect superconformal symmetry is given
by osp(1|2), su(1, 1|1), psu(1, 1|2) (centrally extended) and su(1, 1|N ) with N = 3, 4.
Relevant supersymmetric deformations are only possible in the first two cases, while
marginal supersymmetric deformations are possible for all of them. In other words,
the superconformal line defects outside this list are rigid and represent stable fixed
points of supersymmetric defect RG flows. Furthermore, some defects are forced to
have marginal couplings, which includes the half-BPS line defect in 3d N = 8 SCFTs
and more generally line defects that break (any of) the bulk flavor symmetry.
We discuss further applications of our classification results on superconformal lines and the
unitary representations of their symmetries in Section 7.
2 Superconformal Algebras and Defect Subalgebras
In this section, we analyze the 1d superconformal subalgebras of known superconformal
algebras in d = 3, 4, 5, 6 dimensions. We begin with a brief review of super Lie theory and
its consequences for SCFTs.
Lie Superalgebras
Recall that a (complex) Lie superalgebra G is a Z2-graded associative algebra over C
equipped with a super-bracket that satisfies a generalized form of the Jacobi identity.13 It
admits a unique decomposition G = G0¯ ⊕G1¯ that consists of a Z2-even (bosonic) subspace
G0¯, called the maximal bosonic subalgebra, and a Z2-odd (fermionic) subspace G1¯ that trans-
forms in a (possibly reducible) representation under G0¯. The superalgebras most relevant to
such, we will defer their analysis to future work.
13For a complete review of Lie superalgebras, see [74, 75]. A particularly illustrative discussion of super-
conformal algebras and their associated real forms can be found in [46].
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the study of SCFT are the (classical) basic Lie superalgebras14
osp(n|2m) , sl(m|n) (m 6= n), psl(m|m), F (4), G(3), D(2, 1;λ) . (2.1)
For the purpose of constructing positive-energy unitary representations, it is necessary to
impose various reality conditions on the bosonic and fermionic generators (e.g. by specifying
their behavior under conjugation). On a more abstract level, we seek the real forms of the
classical Lie superalgebras in (2.1). Given a Lie superalgebra G over C and a semi-linear
(anti-linear) involution φ : G → G that preserves the Z2-grading as well the super-bracket,
one can directly define a real superalgebra Gφ ≡ G + φ(G). Intuitively, the map φ can be
viewed as a sort of complex conjugation operation on complex superalgebras, under which
Gφ is manifestly invariant. It follows that all real Lie superalgebras can be obtained from
this construction, including the special case where the real Lie superalgebra can simply be
regarded as a complex superalgebra over R. Note that specifying the real form of the bosonic
subalgebra G0¯ uniquely determines the real form of G. We list the relevant real forms of
(2.1) in Table 1.
Superalgebra Bosonic Subalgebra Fermionic Generators
osp(m|2n;R) so(m)⊕ sp(2n,R) (m,2n)
osp(2m∗|2n) so∗(2m)⊕ usp(2n) (2m,2n)
su(p, q|m) su(p, q)⊕ su(m)⊕ u(1) (p+ q,m)⊕ (p+ q,m)
psu(p, q|m), p+ q = m su(p, q)⊕ su(m) (p+ q,m)⊕ (p+ q,m)
F (4; p), p = 0, 1 so(p, 7− p)⊕ sl(2,R) (8s,2)
p = 2, 3 so(p, 7− p)⊕ su(2) (8s,2)
G(3; p), p = 0, 1 sl(2,R)⊕G2,2p (2,7)
D(2, 1;λ, p), p = 0, 1, 2 sl(2,R)⊕ so(p, 4− p) (2,2,2)
Table 1: Real forms of the basic Lie superalgebras relevant for SCFTs. Note that [46, 75]
both incorrectly classify the maximal bosonic subalgebra of F (4; p). The correct real forms
can all be found in [76].
14Our discussion omits the strange series P (n) and Q(n), which do not play a role in the study of SCFTs
and their defects.
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Superconformal Algebras for Unitary QFTs
We now restrict our attention to unitary supersymmetric theories with conformal invariance.
All known unitarity interacting SCFTs in d ≥ 3 dimensions are in general described by a
direct sum superalgebra Gs⊕Gf , which comprises of the superconformal symmetry Gs as well
as any (bosonic) global symmetry Gf .
15 The maximal bosonic subalgebra of Gs contains the
d-dimensional conformal algebra so(2, d)conf, which we take to be generated by dilatations
D, translations Pµ, Lorentz transformations Mµν , and special conformal transformations
Kµ. It also includes the R-symmetry algebra R, which commutes with all of the (bosonic)
conformal generators. The fermionic generators of Gs transform as an so(2, d)conf spinor,
which can be divided into so(1, d− 1) spinors consisting of the Poincare´ supercharges Q and
superconformal charges S, which transform in conjugate representations under R.16 Their
anti-commutators take the schematic form
{Q,Q} ∼ P, {S, S} ∼ K, {Q,S} ∼ D +M +R (2.2)
where R ∈ R and we have suppressed Lorentz and R-symmetry indices for brevity.
In addition to superconformal invariance, the SCFTs under study are assumed to obey
unitarity, whose consistency with local interactions (i.e. the existence of a local stress-tensor
operator) places further kinematical restrictions on the theory. In particular, the spacetime
dimension is constrained to d ≤ 6, and the maximum amount of supersymmetry N is
limited for interacting SCFTs in each dimension [43].17 For the theories under consideration
with 3 ≤ d ≤ 6, these constraints are sufficiently restrictive so as to uniquely assign a
superconformal algebra to each allowed value of d and N , namely18
d = 3 , osp(N|4;R) ⊃ so(2, 3)conf ⊕ so(N )R , N = 1, . . . , 6, 8 ,
d = 4 , su(2, 2|N ) ⊃ so(2, 4)conf ⊕ su(N )R ⊕ u(1)R , N = 1, 2, 3 ,
psu(2, 2|4) ⊃ so(2, 4)conf ⊕ su(4)R , N = 4 ,
d = 5 , F (4; 2) ⊃ so(2, 5)conf ⊕ su(2)R , N = 1 ,
d = 6 , osp(8∗|2N ) ⊃ so(2, 6)conf ⊕ usp(2N )R , N = (1, 0), (2, 0) .
(2.3)
15We only focus on continuous symmetries in this paper.
16Note that our definition of superconformal algebras requires nontrivial supersymmetry. In particular,
we do not consider the bosonic subalgebra to be a superconformal subalgebra.
17As is conventional, we let N denote the number of minimal spinors. For d = 1 algebras, which admit no
spinor representations, we take N1 to be the number of real Poincare´ supercharges.
18It can be shown that all 3d N = 7 SCFTs automatically preserve N = 8 SUSY [73].
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SCFTs described by superconformal algebras in d > 6 dimensions or with sufficiently large
N are necessarily free, inconsistent with unitarity, or both.
Superconformal Defect Algebras
We now consider the addition of (planar) conformal defects extended along a subspace in
the bulk. On a geometric level, a p-dimensional conformal defect is simply a subspace
Σ ⊂ R1,d−1 which could be timelike, lightlike, or spacelike depending on the signature of Σ.
While all three cases can be realized as unitary defects in CFTs, we find that in practice,
superconformal defects are either timelike or lightlike.19 We further restrict our attention
to timelike superconformal defects and leave the study of lightlike superconformal defects to
future work.
For a timelike conformal defect, the worldvolume Σ = R1,p−1 preserves
so(2, p)conf ⊕ so(d− p)rot ⊂ so(2, d)conf , (2.4)
where the commutant so(d−p)rot of so(2, p)conf ⊂ so(2, d)conf describes rotations transverse to
the defect. In superconformal theories, it is possible for such defects to preserve some of the
bulk supersymmetry and global R-symmetry, which together with the so(2, p)conf conformal
symmetry form a superconformal algebra gs contained inside the bulk superconformal algebra
Gs.
A natural first step in classifying unitary superconformal defects is to determine the
allowed superconformal subalgebras of the bulk superconformal algebras listed in (2.3), with
the additional restriction that such algebras describe timelike defects a` la (2.4).20 Using
19One way to see this is that to go from the superconformal symmetry preserved by a timelike defect to
that of a spacelike defect requires an imaginary Lorentzian rotation which violates the reality conditions on
the fermionic generators of the bulk superconformal algebra.
20All of the direct sum superconformal subalgebras gs ⊕ g′s in Table 2 that appear as subalgebras of the
bulk superconformal algebras in (2.3) describe the symmetries of timelike 2d defects. They admit two types
of maximal 1d defect subalgebras; assuming gs ⊂ g′s, these consist of the diagonal subalgebra gs (associated
to timelike line defects) and the chiral subalgebras gs and g
′
s (associated to lightlike line defects).
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Table 1, it is a straightforward exercise to enumerate all 1d superconformal algebras:
osp(4∗|2n) ⊃ so(2, 1)conf ⊕ so(3)⊕ usp(2n) ,
su(1, 1|n) ⊃ so(2, 1)conf ⊕ su(n)⊕ u(1) (n 6= 2) ,
psu(1, 1|2) ⊃ so(2, 1)conf ⊕ su(2) ,
osp(n|2;R) ⊃ so(2, 1)conf ⊕ so(n) ,
F (4; 2) ⊃ so(2, 1)conf ⊕ so(7) ,
G(3; 0) ⊃ so(2, 1)conf ⊕G2 ,
D(2, 1;λ, 0) ⊃ so(2, 1)conf ⊕ so(4) .
(2.5)
Among these, we are only interested the ones which appear as subalgebras of (2.3). Luckily,
the maximal subalgebras of the su and osp series have already been classified [46], as well
as those of F (4; 2) [77], as listed in Table 2.21 Using these results, we find that the maximal
1d superconformal subalgebras in the form of gs ⊕ gb are22
d = 3 , N = 2, 3 , su(1, 1|1)⊕ u(1) , N1 = 2 ,
N = 4, 5 , u(1)o psu(1, 1|2)o u(1) , N1 = 4 ,
N = 6 , su(1, 1|3)⊕ u(1) , N1 = 6 ,
N = 8 , su(1, 1|4)⊕ u(1) , N1 = 8 ,
d = 4 , N = 2 , osp(4∗|2) , N1 = 4 ,
N = 3 , osp(4∗|2)⊕ u(1) , N1 = 4 ,
N = 4 osp(4∗|4) , N1 = 8 ,
d = 5 , N = 1 , D(2, 1; 2; 0)⊕ su(2) , N1 = 4 ,
d = 6 , N = (2, 0) , osp(4∗|2)⊕ u(1) , N1 = 4 .
(2.6)
All possible superconformal line defects preserve one of the maximal 1d subalgebras
gs ⊕ gb listed above in (2.6), or a subalgebra thereof, which can be determined by applying
the rules of Table 2. It is noteworthy that none of the bulk N = 1 superconformal algebras
in d = 3, 4, 6 dimensions admit timelike 1d superconformal subalgebras.
21Our results refine the classification in [46] for psu(p, q|m) maximal subalgebras, which properly show
up as the centrally extended u(1)o psu(p, q|m)o u(1). We also correct a mistake in [77], which incorrectly
identifies the real form of sl(2|1,C) ⊕ sl(3,C) inherited from that of F (4; 2) as having a maximal bosonic
subalgebra given by so(2, 1)conf ⊕ su(3)⊕ u(1), when in reality it is su(2)⊕ su(1, 2)⊕ u(1).
22A maximal 1d subalgebra g ⊂ G by definition is not a proper subalgebra of another proper 1d subalgebra
g′ ⊂ G. Note that a maximal 1d subalgebra is not necessarily a maximal subalgebra.
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Superalgebra Gφ Maximal Subalgebra
osp(m|2n;R) osp(p|2q;R)⊕ osp(m− p|2n− 2q;R)
osp(2m|2n;R) su(p, n− p|m)⊕ u(1)
osp(2m∗|2n) osp(2p∗|2q)⊕ osp(2m− 2p∗|2n− 2q)
su(p,m− p|n)⊕ u(1)
su(p, q|m) su(p′, q′|m′)⊕ su(p− p′, q − q′|m−m′)⊕ u(1)
psu(p, q|p+ q) su(p′, q′|m′)⊕ su(p− p′, q − q′|p+ q −m′)
u(1)o [psu(p′, q′|p′ + q′)⊕ psu(p− p′, q − q′|p+ q − p′ − q′)]o u(1)
su(m,m|2n) osp(2m∗|2n)
su(m,m|n) osp(n|2m;R)
F (4; 2) su(2|1)⊕ su(1, 2)
D(2, 1; 2; 0)⊕ su(2)
osp(2|4;R)⊕ u(1)
su(2, 2|1)
Table 2: Subalgebras of the real forms relevant for classifying defects. The rules apply
for all non-negative entries given that we identify osp(m|0;R) = so(m), osp(0|2n;R) =
sp(2n,R), osp(2m∗|0) = so(2m∗), osp(0∗|2n) = usp(2n), and su(p, q|0) = su(p, q). Here in
u(1)1 o psu(p, q|p + q) o u(1)2, psu(p, q|p + q) is centrally extended by u(1)1 and further
extended by u(1)2 as an outer-automorphism. Instances of the superalgebras su(m,m|2m)
(in the left column) should be replaced with psu(m,m|2m). Similarly, those of the maximal
subalgebras su(p, q|m)⊕u(1) with p+q = m should be replaced by u(1)opsu(p, q|p+q)ou(1).
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3 Defect Superconformal Multiplets
In this section, we analyze the unitary multiplets of the 1d superconformal subalgebras
of known superconformal algebras in d = 3, 4, 5, 6 dimensions, as discussed in Section 2.
In particular, we outline the features essential for our classification program and include
additional details relevant for the conformal bootstrap. We begin with a brief discussion
on the implications of superconformal symmetry for unitary line defects, and outline our
conventions for unitary superconformal multiplets and their decomposition into conformal
multiplets.
Defect Conformal Symmetry
The 1d conformal algebra so(2, 1)conf of the timelike line defect D is generated by dilatations
DL, time translations PL, and special conformal transformations KL, which satisfy
[DL, PL] = −iPL , [DL, KL] = iKL , [PL, KL] = 2iDL . (3.1)
Conformal symmetry arranges local operators (both in the bulk and on the defect) into
infinite families known as conformal multiplets [78,79]. Such multiplets transform in positive-
energy (lowest weight) unitary irreducible representations (UIRs) of the conformal algebra,
where the energy ∆ ≥ 0 is taken to be the eigenvalue of the conformal Hamiltonian HL =
−1
2
(PL +KL) following the convention in [42,43,80].
23
While the defect CFT is defined in Lorentzian spacetime, it is often convenient to work
with the Wick-rotated theory in Euclidean signature, where the line defect preserves the
Euclidean conformal algebra so(1, 2)conf generated by
DE = iHL , PE = DL +
i
2
(KL − PL) , KE = DL − i2(KL − PL) , (3.2)
with commutation relations
[DE, PE] = iPE , [DE, KE] = −iKE , [PE, KE] = 2iDE , (3.3)
23In a general d-dimensional Lorentzian CFT, the physical conformal group is the universal cover ˜SO(2, d)
whose UIRs are in one-to-one correspondence with those of the conformal algebra so(2, d) [80]. Note that the
conformal Hamiltonian HL generates the compact SO(2) subgroup in SO(2, d) which is decompactified in
the universal cover and allows for an unquantized spectrum in ∆. This is akin to decompactifying the time
direction in global AdSd+1. For d = 1, the UIRs of ˜SL(2,R) can be found in [81]. The lowest weight UIRs
correspond to the discrete series. Similar statements apply to the supergroups relevant for the superconformal
line defects we study in this paper.
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Figure 1: Schematic of a radially quantized CFT endowed with a line defect D and a defect
local operator O.
and Hermiticity properties
D†E = −DE , P †E = KE , K†E = PE . (3.4)
These all follow from the relation (3.2) to the Hermitian Lorentzian generators. Here, PE and
KE are related to the translations and special conformal transformations of the Wick-rotated
line by conjugation in SO(1, 2), while DE is the generator of dilatations of the Euclidean
spacetime Rd. We will be mostly working with the Euclidean generators obeying (3.4) and
henceforth drop the Lorentzian/Euclidean subscripts whenever they are clear from context.
It is natural to quantize the theory by foliating the spacetime with spheres Sd−1 centered
at the origin, treating the (Euclidean) dilatation D as the Hamiltonian — a procedure
referred to as radial quantization.24 In the absence of defects, this gives rise to the usual
state-operator correspondence between local operator insertions at the origin and states in
the Hilbert space H on Sd−1. With a line defect D that passes through the origin, radial
quantization establishes the equivalence between defect local operators O and states |O〉 in
the Hilbert spaceHDD¯ on Sd−1 with two anti-podal defect points (see Figure 1). In particular,
24This is equivalent to the N-S quantization on a constant time slice [78].
17
the identity operator corresponds to the defect vacuum state |D〉, which is invariant under
the full so(1, 2)conf conformal algebra. More generally, the positive-energy UIRs of defect
local operators with respect to so(1, 2)conf correspond to conformal multiplets of states in
HDD¯ of the form25
C = Span{V , PV , P 2V , . . .} . (3.5)
Here, V is the conformal primary (CP), which is the lowest weight state in the multiplet and
annihilated by K, while the rest are conformal descendants (CDs) arising from the action of
P on V .
There are several notable differences between defect CFTs in 1d and those in d ≥ 3. In
higher dimensional theories, unitarity imposes nontrivial constraints on the scaling dimension
of the CP as a function of its so(d) representation. Operators that saturate this bound then
reside in shortened multiplets, where states of zero norm are necessarily removed to ensure
positivity and hence preserve unitarity. Examples of threshold CPs include free fields, such
as a scalar field Φ with ∆Φ =
d−2
2
that obeys ∂µ∂
µΦ = 0, or spin 1 conserved currents Jµ
with ∆J = d− 1 and ∂µJµ = 0. This should be contrasted with the 1d case, where unitarity
only guarantees that ∆ ≥ 0, and there are no nontrivial short multiplets.26
Defect Superconformal Symmetry
We are interested in superconformal defects that preserve a subset of the bulk superconformal
symmetries gs ⊂ Gs. These symmetries generally include some of the bulk R-symmetry as
well transverse rotations, which together form the defect R-symmetry,27 along with the
Poincare` supercharges Q and the superconformal charges S.28 Local operators on the defect
transform under both the defect conformal symmetry as well as the defect R-symmetry, and
so can be characterized by their UIRs under the associated algebras. While there is no notion
of Lorentz symmetry on the line defect, it is still useful to arrange our notation with an eye
towards the bulk. One logical approach is to separate the global symmetries of the defect
25Unitarity in the Lorentzian theory translates to reflection positivity of correlation functions in the Eu-
clidean theory, which implies in particular that all states in HDD¯ are required to have positive norm via the
state/operator correspondence.
26It can happen that the defect Hilbert space HDD¯ contains degenerate ground states other than the defect
vacuum |D〉, which would comprise a topological sector among the defect local operators, and is relevant for
a notion of conserved currents in 1d.
27The defect can also preserve additional combinations of bulk R-symmetry and transverse rotations that
commute with gs which we denote as gb.
28For certain algebras, the supercharges transform in a reducible representation of the R-symmetry, which
can be decomposed into two conjugate irreducible representations (irreps). In this case, we will label the
conjugate charges by Q and Q¯.
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into preserved bulk R-symmetries and transverse rotations, as well as any additional flavor
symmetries gf ⊂ Gf . Given the d-dimensional bulk superconformal algebra Gs, it can be
shown that the superconformal subalgebra gs ⊂ Gs of a codimension d − p defect is one of
three types.29
• Type I (d−p < 2) For these defect algebras, there is no transverse rotation symmetry,
and the R-symmetry of the defect coincides with a subalgebra gR ⊂ R. We label UIRs
by their quantum numbers (R) under gR. A defect CP is represented as
[−](R)∆ . (3.6)
• Type II (d − p > 2) In this case, the R-symmetry of the defect admits a unique
decomposition into grot⊕gR, where grot ⊂ so(d−p) and gR ⊂ R. That is, it is possible
to categorize all defect R-symmetries as bulk R-symmetries or as transverse rotations.
We consequently label UIRs by their quantum numbers [j] and (R) under grot and gR,
respectively. A defect CP is represented as
[j]
(R)
∆ . (3.7)
• Type III (d− p = 2) For codimension 2 defects, the defect R-symmetry is inexorably
linked to a mixture of the R-symmetry of the bulk as well as so(2) ' u(1)rot transverse
rotations. The best we can do in this case is to decompose the R-symmetry of the
defect as gR ⊕ gr, where gR ⊂ R, while gr is in general a mixture of R-symmetries
and transverse rotations. For these defect algebras, we label UIRs by their quantum
numbers [r] and (R) under gr and gR, respectively. A defect CP is represented as
[r]
(R)
∆ . (3.8)
In the discussion that follows, we only consider superconformal multiplets for Type II defect
algebras, but the results extend in a straightforward manner to the other types.
With the classification in hand, we now consider the (positive-energy) UIRs of the super-
conformal algebra gs. Due to the fermionic nature of the supercharges, every superconformal
29There is a similar classification of defect subalgebras for higher-dimensional defects whose proof we defer
to future work.
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multiplet U can be decomposed into a finite number of conformal multiplets, i.e.
U = Span
{
N⊕
n=0
Cn[jn](Rn)∆n
}
, ∆n = ∆0 +
1
2
n , (3.9)
where each conformal multiplet Cn transforms in some definite representation [jn](Rn) under
gR and grot. The conformal multiplet of the lowest scaling dimension contains the super-
conformal primary (SCP), and is annihilated by the action of S (in the same way the CP
is annihilated by the action of K). The other conformal multiplets are generated by su-
perconformal descendants (SCDs) and can be obtained by repeated application of the Q
supercharges. We refer to the conformal multiplet and its CP obtained from acting Qn on
the SCP as level n, corresponding to Cn in (3.9). It follows that the quantum numbers of
the SCDs are fixed in terms of those of the SCP.
In contrast to ordinary conformal multiplets, unitarity for 1d defects places stringent
restrictions on the allowed quantum numbers of any superconformal multiplet [42].30 In the
radially quantized theory, Q† ∼ S, and so we have schematically
{Q,S} ∼ D +M+R ≥ 0 , (3.10)
where M are grot transverse rotation generators and R are the gR generators. Here, the
generators should be viewed as operators acting on states in the multiplet via the state-
operator map. Given that the SCP of a multiplet U is annihilated by S, it follows that
positivity of the inner product along with (3.10) implies that the dimension of any SCP (and
hence any state in the multiplet U) is bounded below by universal functions of the defect
R-symmetry quantum numbers
∆ ≥ ∆? , ∆? = f(RU) + g(jU) . (3.11)
Whenever the SCP saturates these bounds, some of the states in U acquire zero norm, which
themselves form a multiplet Unull under gs. To preserve unitarity, we must instead consider
the Verma module of physical states given by the quotient U/Unull.
This analysis of level 1 SCDs, as discussed above, is generally insufficient to exhaust the
list of consistent unitary multiplets. Indeed, the constraints derived from an analysis of level
2 descendants and beyond generically lead to unitary multiplets below the level 1 bounds for
30This is akin to the higher-dimensional story, where here grot transverse rotations play the role of the
so(1, d− 1) Lorentz symmetry.
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degenerate grot and gR quantum numbers, with dimensions given by
∆B = ∆? − δB , (3.12)
where δB is a constant shift.
31 The associated unitary multiplets are therefore isolated from
the continuum of long multiplets. Following the conventions of [43], we denote long (generic)
multiplets by L[j]
(R)
∆ , short multiplets at threshold by A[j]
(R)
∆ , and isolated short multiplets
by B[j]
(R)
∆ . Here, A and B label the specific shortening conditions of the multiplets.
Defect Multiplets and the RS Algorithm
Determining the conformal multiplets within a given Verma module is straightforward in
principle, but difficult in practice. This is true both in higher dimensions and in the case of
1d superconformal algebras. For both cases, the RS algorithm provides an efficient recipe
to decompose superconformal multiplets into their constituent conformal multiplets, as was
worked out systematically in [43]. We outline the basic philosophy in what follows, but refer
the reader to the seminal paper for further details, including the intricacies of applying the
algorithm to short multiplets.
Consider first the fundamental problem in the representation theory of Lie algebras to
determine the irreducible representations (irreps) that enter into the RHS of the tensor
product
(R1)⊗ (R2) =
⊕
i
mi(Ri), (3.13)
where mi ∈ Z≥0 denotes the multiplicity of irrep (Ri). The RS algorithm provides a method
to extract the mi via the quantum numbers of the highest weight states, without having to
explicitly construct any states in (Ri). In short, the algorithm instructs us to simply add the
weights (quantum numbers) of the highest weight state in R1 to all of those in R2. We then
perform Weyl reflections on the weights outside the Weyl chamber to obtain highest weight
states of some irrep (R˜r), and assign it a multiplicity m˜r ∈ Z depending on the number of
reflections. Some of the multiplicities may be negative, and thus remove trial representations
from the decomposition, which handles the naive over-counting. It follows that [82]⊕
r
m˜r(R˜r) =
⊕
i
mi(Ri) . (3.14)
31The C and D-type unitarity bounds for superconformal algebras in dimensions d ≥ 5, as presented
in [43], do not arise for the 1d superconformal algebras under consideration. That is, 1d algebras only admit
multiplets at threshold (A-type) and isolated multiplets with a single shift parameter δB (B-type).
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The algorithm outlined above can be adapted to the decomposition of superconformal
multiplets, where the CPs of a generic superconformal multiplet can be obtained by adding
the quantum numbers of the supercharges to those of the highest weight state in the SCP
in accordance with the Grassmannality of the supercharges (i.e. each supercharge can be
applied once and only once) [43].32 In what follows, we apply the RS algorithm to extract
the CP content of candidate distinguished multiplets of superconformal lines (as introduced
in Section 4), i.e. those whose top components have (half-)integer dimensions ∆ ≤ 2.
3.1 su(1, 1|12N1)
In this section, we study the UIRs of the 1d superconformal algebra
su(1, 1|1
2
N1) ⊃ su(1, 1)⊕ su(N)R ⊕ u(1)RN , (3.15)
where N ≡ 1
2
N1 and su(1, 1) ' so(2, 1)conf. For N2 = 4 the algebra contains a nontrivial
central ideal u(1)R2 and also admits a nontrival u(1)b outer-automorphism,
u(1)R2 o psu(1, 1|2)o u(1)b ⊃ su(1, 1)⊕ su(2)R ⊕ u(1)R2 ⊕ u(1)b . (3.16)
(Refer to Appendix B.1 for more details). These all appear as maximal subalgebras of the
3d superconformal algebra
osp(N1|4;R) ⊃ su(1, 1|12N1)⊕ u(1)b (N1 6= 4) ,
⊃ u(1)R2 o psu(1, 1|2)o u(1)b (N1 = 4) ,
(3.17)
where u(1)RN and u(1)b are a combination of the transverse rotation symmetry so(2) '
u(1)rot and u(1)R inside the maximal subalgebra u(1)R ⊕ su(12N1)R ⊂ so(N1), and so can be
classified as type III defect algebras. Throughout the section, we label CPs by [r]
(R)
∆ , where
r ∈ R is the u(1)r charge and (R) is a UIR labeled by su(12N1)R quantum numbers.
Note that there are two independent sets of supercharges, Q and Q¯, which are inter-
changed under complex conjugation. Each set leads to its own collection of shortening
conditions that can be imposed independently from the other. To distinguish the two, we
denote shortening conditions arising from Q by S and the conjugate conditions coming from
Q¯ by S¯.
32For short multiplets, the algorithm must be adapted to carefully handle the decoupling of null states,
and can outright fail in certain instances.
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3.1.1 N1 = 2
The N1 = 2 superconformal algebra su(1, 1|1) has an R-symmetry u(1)R1 . There are two
independent supercharges
Q [1
2
] 1
2
, Q¯ [−1
2
] 1
2
. (3.18)
The unitarity bounds and shortening conditions are presented in Table 3. The long multiplets
Name Primary Unitarity Bound BPS Null State Q|h.w.〉 = 0
LL¯ [r]∆ ∆ > |r| − − −
A1L¯ [r]∆ ∆ = r (
1
2 , 0) [r +
1
2 ]∆+ 12
Q
LA¯1 [r]∆ ∆ = −r (0, 12) [r − 12 ]∆+ 12 Q¯
Table 3: Unitary multiplets of su(1, 1|1).
decompose at threshold ∆? = r (∆¯? = −r) as
LL¯[r]∆→∆? = A1L¯[r]∆? ⊕ A1L¯[r + 12 ]∆?+ 12 ,
LL¯[r]∆→∆¯? = LA¯1[r]∆¯? ⊕ LA¯1[r − 12 ]∆¯?+ 12 .
(3.19)
The multiplets that contain top components with (half-)integer scaling dimensions ∆ ≤ 2
are given by
LL¯ [r]∆ , |r| < ∆ = 12 , 1
Q¯

Q

[r − 1
2
]∆+ 1
2
Q

[r + 1
2
]∆+ 1
2
Q¯

[r]∆+1
(3.20)
23
LA¯1 [r]−r , r = −12 ,−1,−32
Q

[r + 1
2
]−r+ 1
2
(3.21)
as well as their conjugate multiplets.
3.1.2 N1 = 4
The N1 = 4 superconformal algebra u(1)R2opsu(1, 1|2)ou(1)b has an su(2)R⊕u(1)R2⊕u(1)b
subalgebra.33 We label the su(2)R UIRs by (R), where R ∈ Z≥0 is an su(2)R Dynkin label
(contrasted with the usual su(2)R isospin 12R ∈ 12Z). The two sets of supercharges both
transform as su(2)R doublets,
Qa ∈ [0](1)1
2
, Q¯a ∈ [0](1)1
2
, (3.22)
where a is an su(2)R index. We assign weights to the individual supercharges as
Q1[0](+1)1
2
, Q2[0](−1)1
2
,
Q¯1[0](−1)1
2
, Q¯2[0](+1)1
2
,
(3.23)
where we have suppressed their u(1)b charges, as they only serve to distinguish the two
sets of supercharges; in particular, u(1)b does not affect the unitarity bounds or multiplet
structure. The unitarity bounds and shortening conditions are presented in Table 4. The
long multiplets decompose at threshold ∆? = −r + 12R (∆¯? = r + 12R) as
LL¯[r]
(R)
∆→∆¯? = LA¯1[r]
(R)
∆¯?
⊕ LA¯1[r](R+1)∆¯?+ 12 ,
LL¯[r]
(R)
∆→∆? = A1L¯[r]
(R)
∆?
⊕ A1L¯[r](R+1)∆?+ 12 ,
LL¯[0]
(R)
∆→∆? = A1A¯1[0]
(R)
∆?
⊕ 2A1A¯1[0](R+1)∆?+ 12 ⊕ A1A¯1[0]
(R+2)
∆?+1
.
(3.24)
33Note that the centrally extended u(1) o psu(1, 1|2) o u(1) algebra admits a more intricate multiplet
structure as compared to the small 2d N = 4 superconformal algebra psu(1, 1|2). This can be seen by
comparing our results in Table 4 with, for instance, those of Table 3 in [58]. Our A1A¯1 multiplet is their A
multiplet. In particular, A1L¯1 and its conjugate multiplet are absent for the small N = 4 algebra.
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Name Primary Unitarity Bound BPS Null State Q|h.w.〉 = 0
LL¯ [r]
(R)
∆ ∆ > |r|+ 12R − − −
A1L¯ [r]
(R)
∆ (r < 0) ∆ = −r + 12R (14 , 0) [r]
(R+1)
∆+ 1
2
Q1
[r]
(0)
∆ ∆ = −r (12 , 0) [r]
(1)
∆+ 1
2
Qa
LA¯1 [r]
(R)
∆ (r > 0) ∆ = r +
1
2R (0,
1
4) [r]
(R+1)
∆+ 1
2
Q¯2
[r]
(0)
∆ ∆ = r (0,
1
2) [r]
(1)
∆+ 1
2
Q¯a
A1A¯1 [0]
(R)
∆ ∆ =
1
2R (
1
4 ,
1
4) [0]
(R+1)
∆+ 1
2
⊕ [0](R+1)
∆+ 1
2
Q1, Q¯2
Table 4: Unitary multiplets of u(1)R2 o psu(1, 1|2) o u(1)b, where we have suppressed the
u(1)b charge.
Note that ∆? = ∆¯? =
1
2
R for r = 0. The multiplets whose top component scales with
(half-)integer ∆ ≤ 2 are given by
A1A¯1 [0]
(1)
1
2
Q¯

Q

[0]
(0)
1[0]
(0)
1
(3.25)
A1A¯1 [0]
(2)
1
Q¯

Q

[0]
(1)
3
2
Q

[0]
(1)
3
2
Q¯

[0]
(0)
2
(3.26)
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LA¯1 [
1
2
]
(0)
1
2
Q

[1
2
]
(1)
1
Q

[1
2
]
(0)
3
2
(3.27)
LA¯1 [1]
(0)
1
Q

[1]
(1)
3
2
Q

[1]
(0)
2
(3.28)
as well as their conjugate multiplets.
3.1.3 N1 = 6
The N1 = 6 superconformal algebra su(1, 1|3) has an su(3)R ⊕ u(1)R3 R-symmetry. We
label the su(3)R UIRs by (R1, R2), where R1, R2 ∈ Z≥0 are su(3)R Dynkin labels. The
fundamental is given by 3 = (1, 0) and the anti-fundamental by 3¯ = (0,1), while the adjoint
is 8 = (1, 1). The two sets transform as the (anti-)fundamental of su(3)R,
Qa ∈ [12 ](1,0)1
2
, Q¯a ∈ [−1
2
]
(0,1)
1
2
, (3.29)
where a is an su(3)R index. We assign weights to the individual supercharges as
Q1[+12 ](+1,0)1
2
, Q2[+12 ](−1,+1)1
2
, Q3[+12 ](0,−1)1
2
,
Q¯1[−1
2
]
(−1,0)
1
2
, Q¯2[−1
2
]
(+1,−1)
1
2
, Q¯3[−1
2
]
(0,+1)
1
2
.
(3.30)
The unitarity bounds and shortening conditions are presented in Table 5. The long multiplets
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Name Primary Unitarity Bound BPS Null State Q|h.w.〉 = 0
LL¯ [r]
(R1,R2)
∆ ∆ >
1
2 (R1 +R2) +
1
3
∣∣r − 12R12∣∣ (0, 0) − −
A1L¯ [r]
(R1,R2)
∆ (r <
R12
2 ) ∆ =
1
3 (2R1 +R2 − r) ( 16 , 0) [r + 12 ](R1+1,R2)∆+ 12 Q1
[r]
(0,R2)
∆ ∆ =
1
3 (R2 − r) ( 13 , 0) [r + 12 ](1,R2)∆+ 12 Q1, Q2
[r]
(0,0)
∆ ∆ = − 13r ( 12 , 0) [r + 12 ](1,0)∆+ 12 Qa
LA¯1 [r]
(R1,R2)
∆ (r >
R12
2 ) ∆ =
1
3 (R1 + 2R2 + r) (0,
1
6 ) [r − 12 ](R1,R2+1)∆+ 12 Q¯
3
[r]
(R1,0)
∆ ∆ =
1
3 (R1 + r) (0,
1
3 ) [r − 12 ](R1,1)∆+ 12 Q¯
2, Q¯3
[r]
(0,0)
∆ ∆ =
1
3r (0,
1
2 ) [r − 12 ](0,1)∆+ 12 Q¯
a
A1A¯1 [r]
(R1,R2)
∆ ∆ =
1
2 (R1 +R2) (
1
6 ,
1
6 ) [r +
1
2 ]
(R1+1,R2)
∆+ 12
Q1,
r = 12 (R1 −R2) ⊕[r − 12 ](R1,R2+1)∆+ 12 Q¯
3
[r]
(0,R2)
∆ ∆ =
1
2R2 (
1
3 ,
1
6 ) [r +
1
2 ]
(1,R2)
∆+ 12
Q1, Q2,
r = − 12R2 ⊕[r − 12 ](0,R2+1)∆+ 12 Q¯
3
[r]
(R1,0)
∆ ∆ =
1
2R1 (
1
6 ,
1
3 ) [r +
1
2 ]
(R1+1,0)
∆+ 12
Q1,
r = 12R1 ⊕[r − 12 ](R1,1)∆+ 12 Q¯
2, Q¯3
Table 5: Unitary multiplets of su(1, 1|3).
decompose at threshold ∆? =
1
3
(2R1 +R2 − r) (∆¯? = 13(R1 + 2R2 + r)) as
LL¯[r]
(R1,R2)
∆→∆¯? = LA¯1[r]
(R1,R2)
∆¯?
⊕ LA¯1[r − 12 ](R1,R2+1)∆¯?+ 12 ,
LL¯[r]
(R1,R2)
∆→∆? = A1L¯[r]
(R1,R2)
∆?
⊕ A1L¯[r + 12 ](R1+1,R2)∆?+ 12 ,
LL¯[r = 1
2
(R1 −R2)](R1,R2)∆→∆? = A1A¯1[r](R1,R2)∆? ⊕ A1A¯1[r + 12 ](R1+1,R2)∆?+ 12
⊕ A1A¯1[r − 12 ](R1,R2+1)∆?+ 12 ⊕ A1A¯1[r]
(R1+1,R2+1)
∆?+1
.
(3.31)
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Note that ∆? = ∆¯? =
1
2
(R1 +R2) for r =
1
2
(R1−R2). The multiplets whose top component
scales with (half-)integer ∆ ≤ 2 are given by
A1A¯1 [
1
2
]
(1,0)
1
2
Q¯

Q

[0]
(0,0)
1[1]
(0,1)
1
Q

[3
2
]
(0,0)
3
2
(3.32)
LA¯1 [
3
2
]
(0,0)
1
2
Q

[2]
(1,0)
1
Q

[5
2
]
(0,1)
3
2
Q

[3]
(0)
2
(3.33)
as well as their conjugate multiplets.
3.1.4 N1 = 8
The N1 = 8 superconformal algebra su(1, 1|4) has an su(4)R⊕u(1)R4 R-symmetry. We label
the su(4)R UIRs by (R1, R2, R3), where R1, R2, R3 ∈ Z≥0 are su(4)R Dynkin labels. The
fundamental is given by 4 = (1, 0, 0) and the anti-fundamental by 4¯ = (0, 0, 1), while the
adjoint is 15 = (1, 0, 1). The two sets transform as the (anti-)fundamental of su(4)R,
Qa ∈ [12 ](1,0,0)1
2
, Q¯a ∈ [−1
2
]
(0,0,1)
1
2
(3.34)
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where a is an su(4)R index. We assign weights to the individual supercharges as
Q1[+12 ](+1,0,0)1
2
, Q2[+12 ](−1,+1,0)1
2
, Q3[+12 ](0,−1,+1)1
2
, Q4[+12 ](0,0,−1)1
2
,
Q¯1[−1
2
]
(−1,0,0)
1
2
, Q¯2[−1
2
]
(+1,−1,0)
1
2
, Q¯3[−1
2
]
(0,+1,−1)
1
2
, Q¯4[−1
2
]
(0,0,+1)
1
2
.
(3.35)
The unitarity bounds and shortening conditions are presented in Table 6. The long multiplets
Name Primary Unitarity Bound BPS Null State Q∗|h.w.〉 = 0
LL¯ [r]
(R1,R2,R3)
∆ ∆ >
1
2 (R1 +R2 +R3) +
1
2
∣∣r − 12R13∣∣ − − −
A1L¯ [r]
(R1,R2,R3)
∆ ∆ =
1
4 (3R1 + 2R2 +R3 − 2r) ( 18 , 0) [r + 12 ](R1+1,R2,R3)∆+ 12 Q1
[r]
(0,R2,R3)
∆ ∆ =
1
4 (2R2 +R3 − 2r) ( 14 , 0) [r + 12 ](1,R2,R3)∆+ 12 Q1, Q2
[r]
(0,0,R3)
∆ ∆ =
1
4 (R3 − 2r) ( 38 , 0) [r + 12 ](1,0,R3)∆+ 12 Q1, Q2, Q3
[r]
(0,0,0)
∆ ∆ = − 12r ( 12 , 0) [r + 12 ](1,0,0)∆+ 12 Qa
LA¯1 [r]
(R1,R2,R3)
∆ ∆ =
1
4 (R1 + 2R2 + 3R3 + 2r) (0,
1
8 ) [r − 12 ](R1,R2,R3+1)∆+ 12 Q¯
4
[r]
(R1,R2,0)
∆ ∆ =
1
4 (R1 + 2R2 + 2r) (0,
1
4 ) [r − 12 ](R1,R2,1)∆+ 12 Q¯
3, Q¯4
[r]
(R1,0,0)
∆ ∆ =
1
4 (R1 + 2r) (0,
3
8 ) [r − 12 ](R1,0,1)∆+ 12 Q¯
2, Q¯3, Q¯4
[r]
(0,0,0)
∆ ∆ =
1
2r (0,
1
2 ) [r − 12 ](0,0,1)∆+ 12 Q¯
a
A1A¯1 [r]
(R1,R2,R3)
∆ ∆ =
1
2 (R1 +R2 +R3) (
1
8 ,
1
8 ) [r +
1
2 ]
(R1+1,R2,R3)
∆+ 12
Q1,
r = 12 (R1 −R3) ⊕[r − 12 ](R1,R2,R3+1)∆+ 12 Q¯
4
[r]
(0,R2,R3)
∆ ∆ =
1
2 (R2 +R3) (
1
4 ,
1
8 ) [r +
1
2 ]
(1,R2,R3)
∆+ 12
Q1, Q2,
r = − 12R3 ⊕[r − 12 ](0,R2,R3+1)∆+ 12 Q¯
4
[r]
(R1,R2,0)
∆ ∆ =
1
2 (R1 +R2) (
1
8 ,
1
4 ) [r +
1
2 ]
(R1+1,R2,0)
∆+ 12
Q1,
r = 12R1 ⊕[r − 12 ](R1,R2,1)∆+ 12 Q¯
3, Q¯4
[r]
(0,0,R3)
∆ ∆ =
1
2R3 (
3
8 ,
1
8 ) [r +
1
2 ]
(1,0,R3)
∆+ 12
Q1, Q2, Q3,
r = − 12R3 ⊕[r − 12 ](0,0,R3+1)∆+ 12 Q¯
4
[r]
(R1,0,0)
∆ ∆ =
1
2R1 (
1
8 ,
3
8 ) [r +
1
2 ]
(R1+1,0,0)
∆+ 12
Q1,
r = 12R1 ⊕[r − 12 ](R1,0,1)∆+ 12 Q¯
2, Q¯3, Q¯4
Table 6: Unitary multiplets of su(1, 1|4).
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decompose at threshold ∆? =
1
4
(3R1 + 2R2 +R3 − 2r) (∆¯? = 14(R1 + 2R2 + 3R3 + 2r)) as
LL¯[r]
(R1,R2,R3)
∆→∆¯? = LA¯1[r]
(R1,R2,R3)
∆¯?
⊕ LA¯1[r − 12 ](R1,R2,R3+1)∆¯?+ 12 ,
LL¯[r]
(R1,R2,R3)
∆→∆? = A1L¯[r]
(R1,R2,R3)
∆?
⊕ A1L¯[r + 12 ](R1+1,R2,R3)∆?+ 12 ,
LL¯[r = 1
2
(R1 −R3)](R1,R2,R3)∆→∆? = A1A¯1[r](R1,R2,R3)∆? ⊕ A1A¯1[r + 12 ](R1+1,R2,R3)∆?+ 12
⊕ A1A¯1[r − 12 ](R1,R2,R3+1)∆?+ 12 ⊕ A1A¯1[r]
(R1+1,R2,R3+1)
∆?+1
.
(3.36)
Note that ∆? = ∆¯? =
1
2
(R1 + R2 + R3) for r =
1
2
(R1 − R3). The multiplets whose top
component scales with (half-)integer ∆ ≤ 2 are given by
A1A¯1 [0]
(0,1,0)
1
2
Q¯

Q

[−1
2
]
(1,0,0)
1
Q¯

[−1](0,0,0)3
2
[1
2
]
(0,0,1)
1
Q

[1]
(0,0,0)
3
2
(3.37)
A1A¯1 [
1
2
]
(1,0,0)
1
2
Q¯

Q

[0]
(0,0,0)
1[1]
(0,1,0)
1
Q

[3
2
]
(0,0,1)
3
2
Q

[2]
(0,0,0)
2
(3.38)
as well as their conjugate multiplets.
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3.2 osp(4∗|12N1)
In this section, we study the unitary multiplets of the 1d superconformal algebra
osp(4∗|1
2
N1) ⊃ so(4∗)⊕ usp(12N1)R , (3.39)
where so(4∗) ' so(2, 1)conf ⊕ so(3)rot (consult Appendix B.2 for more details).34 It appears
as a maximal subalgebra of the 4d superconformal algebra
su(2, 2|1
2
N1) ⊃ osp(4∗|12N1) , (3.40)
where the transverse rotation symmetry is so(3)rot ' su(2)rot, and so can be classified as a
type II defect algebra. Through the section, we label UIRs by [j]
(R)
∆ , where (R) are usp(
1
2
N1)R
quantum numbers.
3.2.1 N1 = 4
The N1 = 4 superconformal algebra osp(4∗|2) has an su(2)rot⊕su(2)R R-symmetry. We label
the UIRs of su(2)R by (R), where R ∈ Z≥0 is an su(2)R Dynkin label. The supercharges
transform as su(2)rot ⊕ su(2)R doublets,
Qaα ∈ [1](1)1
2
, (3.41)
where a is an su(2)R index and α is an su(2)rot index. We assign weights to the individual
supercharges as
Q11[+1](+1)1
2
, Q21[+1](−1)1
2
,
Q21[−1](+1)1
2
, Q22[−1](−1)1
2
.
(3.42)
The unitarity bounds and shortening conditions are presented in Table 7. The long multiplets
decompose at threshold ∆? = R +
1
2
j + 1 as
L[j]
(R)
∆→∆? = A1[j]
(R)
∆?
⊕ A1[j − 1](R+1)∆?+ 12 ,
L[0]
(R)
∆→∆? = A2[0]
(R)
∆?
⊕B1[0](R+2)∆?+1 .
(3.43)
34For rules to determine the UIRs of osp(2m∗|2n), we refer the reader to [50].
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Name Primary Unitarity Bound BPS Null State Qn∗ |h.w.〉 = 0
L [j]
(R)
∆ ∆ > R+
1
2j + 1 − − −
A1 [j]
(R)
∆ (j > 0) ∆ = R+
1
2j + 1
1
4 [j − 1]
(R+1)
∆+ 1
2
Q12
[j]
(0)
∆ ∆ =
1
2j + 1
1
2 [j − 1]
(1)
∆+ 1
2
Qa2
A2 [0]
(R)
∆ ∆ = R+ 1
1
4 [0]
(R+2)
∆+1 Q12Q11
[0]
(0)
∆ ∆ = 1
1
2 [0]
(2)
∆+1 Qa2Q11 +Q12Qa1
B1 [0]
(R)
∆ ∆ = R
1
2 [0]
(R+1)
∆+ 1
2
Q1α
Table 7: Unitary multiplets of osp(4∗|2).
It follows that B1[0]
(R)
R with R = 1 is an absolutely protected multiplet. The multiplets
whose top components scale with (half-)integer ∆ ≤ 2 are given by
B1 [0]
(1)
1
Q // [1](0)3
2 (3.44)
A2 [0]
(0)
1
Q // [1](1)3
2
Q // [2](0)2 (3.45)
3.2.2 N1 = 8
The N1 = 8 superconformal algebra osp(4∗|4) has an su(2)rot ⊕ usp(4)R R-symmetry. We
label the UIRs of usp(4)R by (R1, R2), where R1, R2 ∈ Z≥0 are usp(4)R Dynkin labels. In
our conventions, (1, 0) = 4 is the usp(4)R fundamental and (0, 1) = 5.35 The supercharges
transform in the fundamental UIR of su(2)rot ⊕ usp(4)R, with
Qaα ∈ [1](1,0)1
2
, (3.46)
where a is an usp(4)R fundamental index and α is an su(2)rot index. We assign weights to
the individual supercharges as
Q11[+1](1,0)1
2
, Q21[+1](−1,1)1
2
, Q31[+1](1,−1)1
2
, Q41[+1](−1,0)1
2
,
Q12[−1](1,0)1
2
, Q22[−1](−1,1)1
2
, Q32[−1](1,−1)1
2
, Q42[−1](−1,0)1
2
.
(3.47)
35There is an exceptional isomorphism usp(4)R ' so(5), under which the Dynkin labels are related by
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The unitarity bounds and shortening conditions are presented in Table 8. The long multiplets
Name Primary Unitarity Bound BPS Null State Qn∗ |h.w.〉 = 0
L [j]
(R1,R2)
∆ ∆ > R1 +R2 +
1
2j + 1 − − −
A1 [j]
(R1,R2)
∆ (j > 0) ∆ = R1 +R2 +
1
2j + 1
1
8 [j − 1]
(R1+1,R2)
∆+ 1
2
Q12
[j]
(0,R2)
∆ ∆ =
1
2j +R2 + 1
1
4 [j − 1]
(1,R2)
∆+ 1
2
Q12, Q22
[j]
(0,0)
∆ ∆ =
1
2j + 1
1
2 [j − 1]
(1,0)
∆+ 1
2
Qa2
A2 [0]
(R1,R2)
∆ ∆ = R1 +R2 + 1
1
8 [0]
(R1+2,R2)
∆+1 Q12Q11
[0]
(0,R2)
∆ ∆ = R2 + 1
1
4 [0]
(2,R2)
∆+1 Q12Q11, Q22Q11 +Q12Q21
[0]
(0)
∆ ∆ = 1
1
2 [0]
(2,0)
∆+1 Qa2Q11 +Q12Qa1
B1 [0]
(R1,R2)
∆ ∆ = R1 +R2
1
4 [0]
(R1+1,R2)
∆+ 1
2
Q1α
[0]
(0,R2)
∆ ∆ = R2
1
2 [0]
(1,R2)
∆+ 1
2
Q1α, Q2α
Table 8: Unitary multiplets of osp(4∗|4).
decompose at threshold ∆? = R1 +R2 +
1
2
j + 1 as
L[j]
(R1,R2)
∆→∆? = A1[j]
(R1,R2)
∆?
⊕ A1[j − 1](R1+1,R2)∆?+ 12 ,
L[0]
(R1,R2)
∆→∆? = A2[0]
(R1,R2)
∆?
⊕B1[0](R1+2,R2)∆?+1 .
(3.48)
It follows that B1[0]
(R1,R2)
R1+R2
is absolutely protected for R1 ≤ 1 and R2 ∈ Z≥0. The only
multiplet whose top components scales with (half-)integer ∆ ≤ 2 is
B1 [0]
(0,1)
1
Q // [1](1,0)3
2
Q // [2](0)2 (3.49)
3.3 osp(N1|2;R)
In this section, we study the unitary multiplets of the 1d superconformal algebra
osp(N1|2;R) ⊃ sp(2,R)⊕ so(N1)R , (3.50)
where sp(2,R) ' so(2, 1)conf. It so happens that this is the only instance of a superconformal
algebra gs (with N1 = 1, 3, 4) that never appears as a maximal 1d subalgebra of the bulk
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superconformal symmetry Gs, but rather through a sequence of subalgebras given by
36
osp (N1|2;R) ⊂ su (1, 1|N1) ⊂ · · · ⊂ Gs , (3.51)
for N1 = 1, 3, 4, where so(N1) is fully contained within the bulk R-symmetry algebra. It
follows that the algebra describes a type I defect, and so its UIRs are labeled by [−](R)∆ ,
where (R) are so(N1)R quantum numbers. For N1 = 2 there is an exceptional isomorphism
osp(2|2;R) ' su(1, 1|1), where the bosonic algebras are identified as sp(2,R) ' su(1, 1) and
so(2)R ' u(1)R1 .
3.3.1 N1 = 1
The N1 = 1 superconformal algebra osp(1|2;R) has no R-symmetry. It has a single real
supercharge
Q ∈ [−] 1
2
. (3.52)
Consequently, there are no shortening conditions no additional unitarity bounds besides that
of the conformal symmetry. Every multiplet consists of the minimal conformal substructure
L [−]∆ Q // [−]∆+ 12 (3.53)
3.3.2 N1 = 3
The N1 = 3 superconformal algebra osp(3|2;R) has an so(3)R ' su(2)R R-symmetry, whose
UIRs we label by (R), where R ∈ Z is an su(2)R Dynkin label. The supercharges transform
as an so(3)R vector,
Qab ∈ [−](2)1
2
, (3.54)
where a, b are su(2)R indices. We assign weights to the individual supercharges as
Q11[−](+2)1
2
, Q12[−](0)1
2
, Q22[−](−2)1
2
. (3.55)
The unitarity bounds and shortening conditions are presented in Table 9. The long multiplets
decompose at threshold ∆? =
1
4
R as
L[−](R)∆→∆? = A1[−](R)∆? ⊕ A1[−](R+2)∆?+ 12 . (3.56)
(R1, R2)usp(4)R ' (R2, R1)so(5).
36On the other hand, osp(N1|2;R) appears as a maximal 1d diagonal superconformal subalgebra of the 2d
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Name Primary Unitarity Bound BPS Null State Qn∗ |h.w.〉 = 0
L [−](R)∆ ∆ > 14R − − −
A1 [−](R)∆ ∆ = 14R 13 [−]
(R+2)
∆+ 1
2
Q11
Table 9: Unitary multiplets of osp(3|2;R).
The multiplets whose top component scales with (half-)integer ∆ ≤ 2 are given by
L [−](0)1
2
Q // [−](2)1 Q // [−]
(2)
3
2
Q // [−](0)2
(3.57)
A1 [−](2)1
2
Q // [−](0)⊕(2)1 Q // [−]
(0)
3
2 (3.58)
A1 [−](4)1 Q // [−]
(2)⊕(4)
3
2
Q // [−](2)2
(3.59)
Here, [−](0)1 ∈ A1[−](2)1
2
and [−](2)3
2
∈ A1[−](4)1 are sporadic (but manifest) top components.
For later convenience, we note that there is no multiplet with a top component transforming
as [−](4)1 .
3.3.3 N1 = 4
The N1 = 4 superconformal algebra osp(4|2;R) has an so(4)R ' su(2)R1 ⊕ su(2)R2 R-
symmetry, whose UIRs we label by (R1, R2), where R1, R2 ∈ Z≥0 are su(2)R1 and su(2)R2
Dynkin labels, respectively. The supercharges transform as an so(4)R vector,
Qaa˙ ∈ [−](1,1)1
2
, (3.60)
(N1,N1) global superconformal algebra osp(N1|2;R)⊕ osp(N1|2;R).
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where a, a˙ are su(2)R1 and su(2)R2 indices, respectively. We assign the individual super-
charges weights according to
Q11˙[−](+1,+1)1
2
, Q12˙[−](+1,−1)1
2
,
Q21˙[−](−1,+1)1
2
, Q22˙[−](−1,−1)1
2
.
(3.61)
The unitarity bounds and shortening conditions are presented in Table 10. The long multi-
Name Primary Unitarity Bound BPS Null State Qn∗ |h.w.〉 = 0
L [−](R1,R2)∆ ∆ > 14(R1 +R2) − − −
A1 [−](R1,R2)∆ ∆ = 14(R1 +R2) 14 [−]
(R1+1,R2+1)
∆+ 1
2
Q11˙
[−](0,R2)∆ ∆ = 14R2 12 [−]
(1,R2+1)
∆+ 1
2
Q11˙, Q21˙
[−](R1,0)∆ ∆ = 14R1 12 [−]
(R1+1,1)
∆+ 1
2
Q11˙, Q12˙
Table 10: Unitary multiplets of osp(4|2;R).
plets decompose at threshold ∆? =
1
4
(R1 +R2) as
L[−](R1,R2)∆→∆? = A1[−](R1,R2)∆? ⊕ A1[−](R1+1,R2+1)∆?+ 12 . (3.62)
The multiplets whose top component scales with (half-)integer ∆ ≤ 2 are given by
A1 [−](1,1)1
2
Q // [−](0,0)⊕(2,0)⊕(0,2)1 Q // [−]
(1,1)
3
2
Q // [−](0,0)2
(3.63)
A1 [−](2,0)1
2
Q // [−](1,1)1 Q // [−]
(0,0)
3
2 (3.64)
A1 [−](0,2)1
2
Q // [−](1,1)1 Q // [−]
(0,0)
3
2 (3.65)
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A1 [−](4,0)1 Q // [−]
(3,1)
3
2
Q // [−](2,0)2
(3.66)
A1 [−](0,4)1 Q // [−]
(1,3)
3
2
Q // [−](0,2)2
(3.67)
where [−](0,0)1 ∈ A1[−](1,1)1
2
is a sporadic (but manifest) top component. For later convenience,
we note that there is no multiplet with a top component transforming as [−](2,2)1 .
3.4 D(2, 1; 2; 0)
In this section, we study the unitary multiplets of the N1 = 4 superconformal algebra
D(2, 1; 2; 0) ⊃ sl(2,R)⊕ so(4) , (3.68)
where sl(2,R) ' so(2, 1)conf and so(4) ' su(2)left ⊕ su(2)R (consult Appendix B.3 for more
details). It appears as a maximal subalgebra of the 5d superconformal algebra
F (4; 2) ⊃ D(2, 1; 2; 0)⊕ su(2)right , (3.69)
where the transverse rotation symmetry is so(4)rot ' su(2)left ⊕ su(2)right, and so can be
classified as a type II defect algebra. We label UIRs by ([j]
(R)
∆ , j
′ + 1), where j, R, j′ ∈ Z≥0
are su(2)left, su(2)R, and su(2)right Dynkin labels, respectively. From this viewpoint, ([1],0)
and ([0],1) are chiral and anti-chiral so(4)rot spinors, respectively, while ([1],2) is the vector.
In what follows we suppress the su(2)right quantum numbers when discussing the unitary
multiplets of D(2, 1; 2; 0), though it will return later when we classify broken symmetries of
the defect (see Section 5). The supercharges transform as su(2)left ⊕ su(2)R doublets,
Qaα ∈ [1](1)1
2
, (3.70)
where a is an su(2)R index and α is an su(2)left index. We assign weights to the individual
supercharges as
Q11[+1](+1)1
2
, Q21[+1](−1)1
2
,
Q12[−1](+1)1
2
, Q22[−1](−1)1
2
.
(3.71)
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The unitarity bounds and shortening conditions are presented in Table 11. The long multi-
plets decompose at threshold ∆ = 3
2
R + j + 2 as
Name Primary Unitarity Bound BPS Null State Qn∗ |h.w.〉 = 0
L [j]
(R)
∆ ∆ >
3
2R+ j + 2 − − −
A1 [j]
(R)
∆ (j > 0) ∆ =
3
2R+ j + 2
1
4 [j − 1]
(R+1)
∆+ 1
2
Q12
[j]
(0)
∆ ∆ = j + 2
1
2 [j − 1]
(1)
∆+ 1
2
Qa2
A2 [0]
(R)
∆ ∆ =
3
2R+ 2
1
4 [0]
(R+2)
∆+1 Q12Q11
[0]
(0)
∆ ∆ = 2
1
2 [0]
(2)
∆+1 Qa2Q11 +Q12Qa1
B1 [0]
(R)
∆ ∆ =
3
2R
1
2 [0]
(R+1)
∆+ 1
2
Q1α
Table 11: Unitary multiplets of D(2, 1; 2; 0).
L[j]
(R)
∆→∆? = A1[j]
(R)
∆?
⊕ A1[j − 1](R+1)∆?+ 12 ,
L[0]
(R)
∆→∆? = A2[0]
(R)
∆?
⊕B1[0](R+2)∆?+1 .
(3.72)
It follows that B1[0]
(R)
∆ with ∆ =
3
2
R and R = 1 is an absolutely protected multiplet. The
only multiplet whose top component scales as a (half-)integer ∆ ≤ 2 is
B1 [0]
(1)
3
2
Q // [1](0)2 (3.73)
4 Displacement Multiplets and General Broken Cur-
rent Multiplets
Symmetry-breaking is an innate nature of defects. While it is well-known that QFTs in
general are nontrivially constrained by the symmetries they obey, here we shall see that
broken symmetries (together with the preserved ones) are also quite powerful in determining
a part of the operator spectrum on a conformal defect. Let us briefly recall the (broken)
symmetries of the setup. The d-dimensional bulk SCFT has the full symmetry algebra
G = Gs⊕Gf , which consists of the superconformal symmetry Gs and a possibly continuous
flavor symmetry Gf . The p-dimensional superconformal defect D only preserves a symmetry
subalgebra g = gs ⊕ gb ⊕ gf that consists of the superconformal subalgebra gs on the defect
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worldvolume Σ, a commuting bosonic factor gb from combinations of bulk R-symmetry and
transverse rotations so(d−p), and a residual flavor symmetry gf ⊂ Gf . The broken symmetry
charges are characterized by the quotient G/g.
As we explain in what follows, there is a distinguished set of defect local operators
that keeps track of the symmetries in the parent SCFT broken by the defect insertion.
They can be identified by studying modifications of the Ward identities for bulk conserved
currents by contact terms localized on the defect worldvolume. Furthermore, by including
these with the preserved superconformal symmetry gs on the defect D, we deduce simple
structural theorems for the candidate superconformal multiplets that accommodate these
defect operators. Existence of the corresponding superconformal multiplets as UIRs of the
superconformal algebra gs then leads to nontrivial constraints on the defect D itself, which
we explore in more detail in the subsequent section.
We emphasize that the discussion in this section concerns a general p-dimensional super-
conformal defect D in a general d-dimensional SCFT.
4.1 Defect Operators from Broken Bulk Symmetries
4.1.1 Broken Conformal Symmetries and Displacement Operators
The most fundamental defect operator is the displacement operator Di, which measures
transverse deformations of the defect. It can be identified as the coefficient of the contact
term present in the modified Ward identity for translation invariance in the normal directions
[33],
∂µT
µi(x) = −δΣ(x⊥)Di(x‖) . (4.1)
The Ward identities for translation invariance in the longitudinal directions as well as those
for scale invariance are preserved,
∂µT
µa(x) = T µµ(x) = 0 . (4.2)
If the defect further breaks the transverse so(d− p)rot rotation symmetry, there is an addi-
tional defect operator λ[ij] from
T [ij](x) = δΣ(x⊥)λ[ij](x‖) . (4.3)
We emphasize that while these (modified) Ward identities in the presence of the defect are
subject to ambiguities from redefinitions of the bulk stress-tensor Tµν by defect contact terms
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involving δΣ(x⊥) and its normal derivatives, the operators Di and λ[ij] are unambiguously
defined up to conformal descendants along the defect.37 The last ambiguity can be repaired
by requiring the stress-tensor Tµν (or rather its components Tab, Tai and Tij) in the coinci-
dent limit with the defect to transform as a conformal primary with respect to the defect
conformal algebra so(2, p)conf. This ensures that the operators D
i and λ[ij] in (4.1) and (4.3)
are automatically conformal primaries.38
The spacetime quantum numbers of the defect operators immediately follow from the
Ward identities. As in (4.1), one can deduce that the displacement operator Di is a scalar
of dimension ∆ = p+ 1, and transforms as a vector under so(d− p)rot transverse rotations.
Similarly from (4.3), we have that λ[ij] is a scalar operator of dimension ∆ = p and transforms
in the rank-two anti-symmetric representation of so(d− p)rot.39
In the radially quantized CFT (after Wick rotation), we find that these modified Ward
identities, after integration over the full spacetime, lead to commutation relations involving
the defect with the conserved charges
[Pi,D] =
∫
Σ
dpx‖Di(x‖)D ,
[Mij,D] =
∫
Σ
dpx‖ λ[ij](x‖)D .
(4.5)
Here, we take the defect to be spherical (after a conformal transformation) and sandwiched
between two radial slices of the spacetime, Sd−1τ1 and S
d−1
τ2
, with τ1 < τ2. The transverse
translation and rotation charges are defined in the usual way as Pi ≡
∫
dSµTµi and Mij ≡∫
dSµTµ[ixj], where S
µ denotes the area element on the radial slices. We emphasize that the
equations above are operator identities that hold in the presence of other (defect) operator
insertions in the CFT, as long as their radial locations satisfy τ < τ1 or τ > τ2. One
notable feature of the extended defect as compared to local operators in the CFT is that
the defect transforms non-linearly under the conformal symmetries (and general zero-form
symmetries).
37In particular, our stress-tensor Tµν is related to T
tot
µν in (5.21) of [33] by
Tµν(x) = Tµνtot (x) + δ
µ
i δ
ν
j δΣ(x⊥)λ
[ij](x‖) . (4.4)
Note that the analysis in [33] focuses on defects that preserve the transverse rotation symmetry, in which case
λ[ij] is a conformal descendant (total derivative on the defect). For the case of defects that break transverse
rotations, λ[ij] is a nontrivial conformal primary.
38One can check this explicitly by acting with the special conformal generators Ka in the defect conformal
subalgebra on the left-hand-side of (4.1) and (4.3).
39More generally, if the defect breaks a subgroup of SO(d−p)rot, the primary components of λ[ij] transform
in the adjoint representation of this subgroup.
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4.1.2 Broken Supersymmetries
In an SCFT, the defect additionally breaks superconformal symmetries. Following the same
reasoning as for the broken conformal symmetries, we find that the modified Ward identities
∂µS
µ
α = δΣ(x)Sα, S
µ
α(γµ)
α
β = 0 (4.6)
give rise to a fermionic defect primary Sα of dimension ∆ = p +
1
2
that keeps track of the
broken supersymmetries. The integrated Ward identity determines the action of the broken
supercharge QB on the defect D,
[QαB,D] =
∫
Σ
dpx‖ Sα(x‖)D . (4.7)
The defect operator Sα transforms in the spinor representation of so(d− p)rot and in certain
representations of the residual R-symmetry preserved by the defect, namely those of the
broken supercurrents that appear in the modified Ward identities (4.6).
4.1.3 Broken R-symmetries and Flavor Symmetries
Similarly, for the broken R-symmetry and flavor symmetry currents JR, JF we have
∂µJ
µ
R,F = δD(x)JR,F , (4.8)
which lead to marginal scalar primaries JR,F on the defect worldvolume. Correspondingly,
the broken R-symmetry and flavor symmetry charges act on D as
[RB,D] =
∫
Σ
dpx‖ JR(x‖)D ,
[FB,D] =
∫
Σ
dpx‖ JF (x‖)D .
(4.9)
From the modified Ward identity (4.8) for the broken currents, we see that the defect oper-
ators JR,F are so(d− p)rot singlets, and transform under the residual R-symmetry and flavor
symmetry accordingly.
40It follows from the general classification of conserved current multiplets in [43] that interacting unitary
SCFTs never admit higher-form symmetry currents. We thank Ken Intriligator for explaining this point to us.
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4.1.4 Broken Higher-form Symmetries
Before we end our discussion on broken symmetries, let us briefly comment on higher-form
symmetries, which can also be broken by the (super)conformal defect D and consequently
give rise to local operators on its worldvolume Σ.40 Consider a q-form symmetry current
Jµµ1...µq with q ≥ 1: its conservation equation can be modified in the presence of a p-
dimensional conformal defect as
∂µJ
µµ1...µq = δΣ(x⊥)Ji1...iq(x‖)δ
µ1...µq
[i1...iq ]
. (4.10)
Since Jµµ1...µq has scaling dimension ∆ = d− q− 1, we see by unitarity that the RHS can be
nontrivial only if p ≥ q, with Ji1...iq the induced defect primary.41 In the case p = q, Ji1...iq is
topological and measures the charge of the defect under the q-form symmetry.
4.2 Structural Theorems for Defect Superconformal Multiplets
We have seen how broken symmetries of the bulk CFT, due to the defect insertion, lead
to conformal primaries on the defect worldvolume. For defects that preserves a fraction of
the bulk superconformal symmetries, the defect conformal primaries further organize into
superconformal multiplets of gs. These multiplets must obey certain structure criteria, which
are as follows.
Theorem 1. The displacement operator Di is always a top component in a defect super-
conformal multiplet (possibly reducible). The corresponding multiplet is referred to as the gs
displacement multiplet of the defect D.
To show this, we act with one of the preserved supercharges Q ∈ gs on the commutation
relation involving Pi in (4.5)
[Q, [Pi,D]] =
∫
Σ
dpx‖ [Q,Di(x‖)]D . (4.11)
Using the fact that [Q,D] = 0 and the Jacobi identities, we conclude [Q, [Pi,D]] = [Q, Pi],D] =
0, and consequently [Q,Di(x‖)] must be a total derivative (if non-vanishing). Thus we have
that the displacement operator Di is a top component in the corresponding superconformal
multiplet of gs, namely the displacement multiplet.
41Recall that the operator which generates a q-form symmetry is a d−q−1-dimensional topological defect.
Thus it can only act nontrivially on defect operators of dimension p such that d−q−1+p ≥ d−1, otherwise
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By a similar argument, we deduce
Theorem 2. A broken charge UB in G/g that commutes with the supercharges Q ∈ gs gives
rise to a supermultiplet of gs whose top component is the conformal primary OUB within
[UB,D] =
∫
Σ
dpx‖OUB(x‖)D . (4.12)
In particular, a broken flavor symmetry charge always induces a top component of a broken
F-current multiplet.
Note that the top component JF induced from a broken flavor symmetry charge FB is
marginal on the defect worldvolume Σ. Its integral
∫
Σ
dpx‖ JF (x‖) is a singlet under the defect
superconformal algebra gs, and thus preserves gb, but breaks (part of) the flavor symmetry
gf . Consequently it gives rise to a marginal supersymmetric deformation of the defect D
(see Section 6 for a related discussion).
One can also deduce structures deeper down in the defect superconformal multiplets us-
ing the (anti)commutation relations between gs and the broken charges. In particular, a set
of broken charges in G/g that are related by (anti)commutators with elements in gs induce
conformal primaries that sit in the same gs supermultiplet. For example, if a combination
of anti-commutators of UB ∈ G/g with Q (multiple-times) lead to Pi, the corresponding
defect operator OUB must be a part of the displacement multiplet. We emphasize that not
all conformal primaries in a gs multiplet whose top component is associated to a broken
symmetry current arise this way. For example, the superconformal primary of the displace-
ment multiplet can be emergent and so does not correspond to any bulk symmetry broken
by the defect.42 Nevertheless, as we will explain in the next section, the above information
together with the unitary representations of gs (see Section 5) are sufficient to pin down the
entire multiplet structure.
The displacement multiplet for the defect D is generally reducible under the defect su-
perconformal algebra gs.
Theorem 3. If the transverse rotation symmetry is preserved, the displacement multiplet is
irreducible under gs.
This is obvious if the transverse rotation symmetry so(d − p)rot is a subalgebra of gs.
More generally, it suffices to show that given two transverse translation generators Pi and
the topological defect can be shrunk at no cost.
42This is akin to the stress-tensor multiplets in SCFTs with extended supersymmetry, in which case the
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Pj, there exist Q,S ∈ gs such that
[{Q,S}], Pi] = αPi + βPj (4.13)
for β 6= 0. Since Mij ∈ g by assumption, it must map the preserved supercharges to
themselves, and so we can assign definite U(1) charges to Q as Q± under the Mij rotation
(similarly for the superconformal charges S). We take any one of these supercharges Q+,
and its Hermitian conjugate (under radial quantization), which we refer to as S−. Then from
the structure of the bulk superconformal algebra, we have in general,
[{Q+,S−}], Pi] = αiPi + αjPj +
∑
k 6=i,j
αkPk (4.14)
with αi 6= 0. Performing a pi-rotation by Mij on both sides, we find
[{Q+,S−}], Pi] = αiPi + αjPj −
∑
k 6=i,j
αkPk , (4.15)
and thus
[{Q+,S−}], Pi] = αiPi + αjPj . (4.16)
Instead, performing a pi/2-rotation by Mij on the above equation gives
[{Q+,S−}], Pj] = αiPj − αjPi . (4.17)
Together with
[{Q+,S−}], Pi − iPj] = 0 , (4.18)
which follows from the Jacobi identity and [Pi − iPj,S−] = 0, we conclude
[{Q,S}], Pi] = αi(Pi + iPj) (4.19)
as desired.
Note that the argument above only relies on the fact that so(p− d)rot transforms the su-
percharges Q ∈ gs among themselves. Thus, the displacement multiplet will stay irreducible
as long as this feature remains, even if so(p− d)rot is no longer a symmetry of the defect D.
Given the defect supermultiplets that accommodate broken bulk currents for a defect
D preserving some symmetry algebra g, it is straightforward to deduce the corresponding
superconformal primaries are not conserved currents [43].
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defect supermultiplets for another defect D′ (of the same dimension) that preserves a fur-
ther subalgebra g′ ⊂ g. The broken current defect supermultiplets for D′ can come from
two sources. In the first, the broken current multiplets for D (including the displacement
multiplet) naturally decompose into those of D′. In the second, there are additional broken
supercharges in g/g′ that induce top components in g′s multiplets of dimension ∆ = p+
1
2
as
in (4.7). Note that these must be top components because their (anti)commutators with the
preserved supercharges in g′s can only give rise to translations along Σ, which are preserved
by the defect. If any bosonic symmetry generators in gb⊕gf are broken by D′, they generate
additional g′s multiplets with top components of dimension ∆ = p as in (4.9). Thus we have
the following.
Theorem 4. For a p-dimensional superconformal defect D′ that preserves a symmetry subal-
gebra g′ ⊂ g of the superconformal defect D, the further broken charges in g/g′ on the defect
D′ give rise to broken supercurrent multiplets and broken R/F-current multiplets, which con-
tain top components with dimensions ∆ = p+ 1
2
and ∆ = p, respectively.
5 Classification of Superconformal Line Defects
5.1 Classification Procedure and Summary of Results
In this section, we provide a systematic classification of all possible superconformal line
defects (p = 1) based on the allowed 1d superconformal subalgebras gs and their multiplet
structure. The logic is quite simple and follows immediately from the results of Section 3.
Each 1d subalgebra gs within a given bulk superconformal algebra Gs corresponds to the
superconformal symmetries preserved by a putative line defect. As explained in Section 4.2,
the existence of a defect D relies crucially on the admission of several distinguished multiplets
induced by broken symmetries in the bulk. That is, every broken spacetime (super)current
and R/F-symmetry current must be accounted for by a primary operator on the defect with
the correct transformation properties, and all such operators must lie in some multiplet of
the 1d superconformal algebra gs.
43 This suggests a natural classification strategy, which we
describe as follows:
1. Consider the full symmetry algebra G of some SCFT in the bulk. For each maximal
1d symmetry subalgebra g ⊂ G associated with a putative defect D containing the
43We relegate details of specific 1d superconformal subalgebras and the broken bulk generators to Ap-
pendix B.
45
superconformal subalgebra gs, we determine the broken symmetries G/g and their
induced operators on D, and in particular how such operators fit within gs multiplets.
2. We next consider all possible 1d symmetry subalgebras g′ ⊂ g associated to defects
D′ preserving some fraction of the superconformal subalgebra g′s ⊂ gs of D. The
broken symmetries G/g′ are all from either G/g′ ∩ G/g, in which case the induced
operator on D′ sits inside a multiplet of g and follows directly from the branching rules
of g ⊂ g′, or from g/g′ ⊂ G, in which case the induced operator on D′ resides in a
separate multiplet not associated to D. An important example of the former is the
displacement multiplet of D, which always decomposes into the displacement multiplet
of D′ and several broken R-current multiplets.
3. If any induced defect operator from a broken symmetry cannot be accommodated by
the multiplet structure of g (g′), the defect D is forbidden.
For convenience, we recall that the distinguished set of operators induced by broken
symmetries consists of the displacement operator Di (broken transverse translations), the
broken transverse rotation (TR) operator λ[ij], the broken supersymmetry operators Sα, and
the broken R/F-symmetry operators JR,F . Generic operators on the defect with no a priori
relation to the broken symmetries of the bulk are labeled as O. For clarity, each CP within
a given multiplet is color-coded as follows:
Di λ[ij] Sα JR,F O (5.1)
We now present the results of our classification, categorizing the defects by superconfor-
mal symmetry in Table 12, and summarize the main points below. All allowed supercon-
formal line defects in d = 3, 4, 5 dimensions preserve a superconformal subalgebra gs ⊂ Gs
within the same superalgebra family (e.g. su(1, 1|N) or osp(4∗|2n)) for N1 > 1, according
to the bulk dimension. Furthermore, specifying the ambient spacetime dimension and the
amount of preserved supersymmetries N1 uniquely fixes the defect superconformal symmetry
(if nontrivial). This is akin to situation in the bulk, where the superconformal symmetry is
also fixed by the dimension and the number of bulk supersymmetries N . In particular, we
find that that all superconformal lines with N1 > 1 organize into a fairly short list consisting
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of
d = 3 :

su(1, 1|1) ⊂ osp(N|4;R) , N = 2, 3, 4, 5, 6, 8
u(1)o psu(1, 1|2)o u(1) ⊂ osp(N|4;R) , N = 4, 5, 6, 8
su(1, 1|3) ⊂ osp(N|4;R) , N = 6, 8
su(1, 1|4) ⊂ osp(8|4;R) , N = 8
d = 4 :
osp(4∗|2) ⊂ su(2, 2|N ) , N = 2, 3, 4osp(4∗|4) ⊂ psu(2, 2|4)
d = 5 : D(2; 1; 2; 0) ⊂ F (4; 2) .
(5.2)
Note the absence of superconformal lines with N1 > 1 in 6d SCFTs.
There is a further sub-classification of (5.2) into lines with reduced bosonic symmetry.
In general, we find that all d = 3 lines are allowed to break transverse rotations and any
fraction of the bulk flavor symmetry, if any. However, superconformal lines in d = 4, 5 are
too rigid and must preserve all bosonic symmetries commuting with their 1d superconformal
algebras (see Section 6 for related discussions about deforming the superconformal lines).
The case N1 = 1 behaves somewhat different from the classification above and so we
handle it separately. As it turns out, all SCFTs with 1d superconformal subalgebras auto-
matically admit the minimal line, which we define as any defect that preserves the minimal
superconformal algebra osp(1|2;R) with a single real supercharge Q. In all cases, it must
completely break so(d − 1) transverse rotations (otherwise the supersymmetry would be
enhanced), but can optionally preserve some of the R-symmetries, including a single u(1)
generated by a combination of transverse rotations and the bulk R-symmetry, so long as
they commute with Q. Given that the algebra has only a single supercharge and no R-
symmetry, it follows that the 1d operators arrange into boson-fermion pairs. Furthermore,
since all broken symmetries and their induced operators on the defect can be recast into
this form, our classification program automatically allows such defects. In other words, the
superconformal kinematics is not powerful enough to rule out any of these lines on the basis
of broken symmetries alone.
For all other 1d superconformal algebras, we find that the associated superconformal line
defect is forbidden, either because the algebra is not a timelike sub-superconformal algebra of
any bulk superconformal algebra, or because the broken symmetries and multiplet structure
are incompatible (see Section C relevant details). It is noteworthy that d = 3, 4, 6 N = 1
SCFTs cannot accommodate any superconformal lines due to the simple fact that their
superconformal algebras do not admit 1d superconformal subalgebras. In addition, d = 6
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N = (2, 0) SCFTs only admit minimal lines.
bulk \ line N1 = 1 N1 = 2 N1 = 4 N1 = 6 N1 = 8
3d N = 1
3d N = 2
3d N = 3
3d N = 4
3d N = 5
3d N = 6
3d N = 8
4d N = 1
4d N = 2
4d N = 3
4d N = 4
5d N = 1
6d N = (1, 0)
6d N = (2, 0)
Table 12: Allowed superconformal line defects for interacting SCFTs in 3 ≤ d ≤ 6 dimen-
sions, classified by N1, the number of preserved real supercharges. We denote SCFTs that
admit rotation-preserving (breaking) lines by ( ) and those that admit both by .
Cases found in the literature are colored blue, while those currently absent are colored red.
5.2 Superconformal Lines in d = 3
5.2.1 d = 3, N = 2
1
2
-BPS Lines
The 1
2
-BPS line preserves a maximal 1d subalgebra
su(1, 1|1)⊕ u(1)b ⊕ gf ⊃ so(2, 1)conf ⊕ u(1)R1 ⊕ u(1)b ⊕ gf , (5.3)
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of the flavored 3d N = 2 algebra
osp(2|4;R)⊕Gf ⊃ so(2, 3)conf ⊕ so(2)R ⊕Gf . (5.4)
where so(2)R ⊕ so(2)rot ' u(1)R1 ⊕ u(1)b with the transverse rotation symmetry so(2)rot ⊂
so(1, 2) ⊂ so(2, 3)conf. Analyzing the symmetries broken by the defect leads to the following
required multiplets. (Note that we do not label the trivial representation under gf , leaving
it implicit).
• Displacement Multiplet: The broken supercharges induce fermions [±3
2
] 3
2
on the de-
fect. Together with the displacement operator [±1]2, they sit inside the displacement
multiplet LA¯1[−32 ] 32 (and its conjugate multiplet A1L¯[
3
2
] 3
2
):
LA¯1 [−32 ] 32
Q

[−1]2
(5.5)
• Broken F-Current Multiplet: The broken flavor symmetries induce marginal scalars
([0]1,Gf/gf ) on the defect, each of which sits at the top of a broken current multiplet
(LA¯1[−12 ] 12 ,Gf/gf ) (or its conjugate multiplet (A1L¯[
1
2
] 1
2
,Gf/gf )):
LA¯1 [−12 ] 12
Q

[0]1
(5.6)
• Broken TR Multiplet: It is possible for the defect to break u(1)b (a combination of
transverse rotations and the 3d R-symmetry), which induces a marginal scalar [0]1 at
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the top of the broken TR multiplet LA¯1[−12 ] 12 (or its conjugate multiplet A1L¯[
1
2
] 1
2
):
LA¯1 [−12 ] 12
Q

[0]1
(5.7)
5.2.2 d = 3, N = 3
1
3
-BPS Line
The 1
3
-BPS line preserves a maximal 1d subalgebra
su(1, 1|1)⊕ u(1)b ⊕ gf ⊃ so(2, 1)conf ⊕ u(1)R1 ⊕ u(1)b ⊕ gf . (5.8)
of the flavored 3d N = 3 algebra
osp(3|4;R)⊕Gf ⊃ so(2, 3)conf ⊕ so(3)R ⊕Gf . (5.9)
where so(2)R ⊕ so(2)rot ' u(1)R1 ⊕ u(1)b with so(2)R ⊂ so(3)R and the transverse rota-
tion symmetry so(2)rot ⊂ so(1, 2) ⊂ so(2, 3)conf. Analyzing the symmetries broken by the
defect leads to the following required multiplets. (Note that we do not label the trivial
representation under gf , leaving it implicit).
• Displacement Multiplet: The N = 2 broken supercharges induce fermions [±3
2
] 3
2
on the
defect. Together with the displacement operator [±1]2, they sit inside the displacement
multiplet LA¯1[−32 ] 32 (5.5) (and its conjugate multiplet A1L¯[
3
2
] 3
2
).
• Broken R-Current Multiplet: The broken so(3)R/so(2)R currents induce marginal scalars
[±1]1 on the defect, while the remaining N = 3 broken supercharges induce fermions
[±1
2
] 3
2
. Altogether, they sit inside a broken R-current multiplet LA¯1[−1]1 (and its
conjugate multiplet A1L¯[1]1):
LA¯1 [−1]1
Q

[−1
2
] 3
2
(5.10)
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• Broken F-Current Multiplet: The broken flavor symmetries induce marginal scalars
([0]1,Gf/gf ) on the defect, each of which sits at the top of a broken current multiplet
LA¯1[−12 ] 12 (5.6) (or its conjugate multiplet A1L¯[
1
2
] 1
2
).
• Broken TR Multiplet: It is possible for the defect to break u(1)b (a combination of
transverse rotations and the 3d R-symmetry), which induces a marginal scalar [0]1 at
the top of the broken TR multiplet LA¯1[−12 ] 12 (5.7) (or its conjugate multiplet A1L¯[
1
2
] 1
2
).
5.2.3 d = 3, N = 4
1
2
-BPS Lines (maximal)
The 1
2
-BPS line preserves a maximal 1d subalgebra
u(1)R2 o psu(1, 1|2)o u(1)b ⊕ gf ⊃ so(2, 1)conf ⊕ su(2)R ⊕ u(1)R2 ⊕ u(1)b ⊕ gf (5.11)
of the flavored 3d N = 4 algebra
osp(4|4;R)⊕Gf ⊃ so(2, 3)conf ⊕ so(4)R ⊕Gf , (5.12)
where u(1)c ⊕ so(2)rot ' u(1)R2 ⊕ u(1)b. Here, u(1)c the abelian factor of su(2)R ⊕ u(1)c ⊂
so(4)R, and so(2)rot is the transverse rotation symmetry inside so(1, 2) ⊂ so(2, 3)conf. Ana-
lyzing the symmetries broken by the defect leads to the following required multiplets. (Note
that we do not label the trivial representation under gf , leaving it implicit).
• Displacement Multiplet: The broken so(4)R/(su(2)R⊕ u(1)c) currents induce marginal
scalars [±1](0)1 on the defect, while the broken supercharges induce fermions [±1](1)3
2
.
Together with the displacement operator [±1](0)2 , they sit inside the displacement mul-
tiplet LA¯1[1]
(0)
1 (and its conjugate multiplet A1L¯[−1](0)1 with opposite u(1)b charge):
LA¯1 [1]
(0)
1
Q

[1]
(1)
3
2
Q

[1]
(0)
2
(5.13)
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• Broken F-Current Multiplet: The broken flavor symmetries induce marginal scalars
([0]
(0)
1 ,Gf/gf ) on the defect which sit at the top of a broken current multiplet (A1A¯1[0]
(1)
1
2
,Gf/gf )
(or its conjugate multiplet with opposite u(1)b charge):
A1A¯1 [0]
(1)
1
2
Q¯

Q

[0]
(0)
1[0]
(0)
1
(5.14)
• Broken TR Multiplet: It is possible for the defect to break u(1)b (a combination of
transverse rotations and the 3d R-symmetry), which induces a marginal scalar [0]
(0)
1 at
the top of the broken TR multiplet A1A¯1[0]
(1)
1
2
(or its conjugate multiplet with opposite
u(1)b charge):
A1A¯1 [0]
(1)
1
2
Q¯

Q

[0]
(0)
1[0]
(0)
1
(5.15)
1
4
-BPS Lines
The 1
4
-BPS line preserves a subalgebra
su(1, 1|1)⊕ u(1)b′ ⊕ u(1)b′′ ⊕ gf ⊃ so(2, 1)conf ⊕ u(1)R1 ⊕ u(1)b′ ⊕ u(1)b′′ ⊕ gf , (5.16)
of the 1
2
-BPS algebra u(1)R2 o psu(1, 1|2) o u(1)b, where u(1)R1 ⊕ u(1)b′ ⊕ u(1)b′′ is a com-
bination of u(1)R2 ⊕ u(1)b and u(1)R ⊂ su(2)R. Analyzing the symmetries broken by the
1
4
-BPS defect in the lens of the 1
2
-BPS defect leads to the following required multiplets.
• Displacement / Broken R-Current Multiplets: The 1
2
-BPS displacement multiplet de-
composes into the 1
4
-BPS displacement multiplet (5.5) as well as the 1
4
-BPS broken
R-current multiplet (5.10),
LA¯1[1]
(0)
1 → LA¯1[−32 ] 32 ⊕ LA¯1[−1]1 . (5.17)
These multiplets account for the operators induced by the broken osp(4|4;R)/(u(1)R2o
psu(1, 1|2)o u(1)b) symmetries.
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• Broken F-Current Multiplet: The 1
2
-BPS broken F-current multiplet decomposes into
the 1
4
-BPS broken F-current multiplet in (5.6) (and its conjugate multiplet):
(A1A1[0]
(1)
1
2
,Gf/gf )→ (LA¯1[−12 ] 12 ⊕ A1L¯[
1
2
] 1
2
,Gf/gf ) . (5.18)
• Broken R-Current Multiplet: The broken su(2)R/u(1)R currents induce marginal scalars
[±1]1 on the defect, while the broken 12 -BPS supercharges induce fermions [±12 ] 32 . Al-
together they form an additional 1
4
-BPS broken R-current multiplet LA¯1[−1]1 (5.10)
(and its conjugate multiplet A1L¯[1]1).
• Broken TR Multiplet: It is possible for the defect to break any combination of u(1)b′
and u(1)b′′ , both of which are a combination of transverse rotations and the 3d R-
symmetry. Each broken current induces a marginal scalar [0]
(0)
1 at the top of a broken
TR multiplet LA¯1[−12 ] 12 (5.7) (or its conjugate multiplet A1L¯[
1
2
] 1
2
). Note that the defect
can also break a certain combination of u(1)b′ and u(1)b′′ that is a pure R-symmetry,
in which case the induced multiplet should properly be interpreted as an R-current
multiplet.
5.2.4 d = 3, N = 5
2
5
-BPS Lines (maximal)
The 2
5
-BPS line preserves a maximal 1d subalgebra
u(1)R2 o psu(1, 1|2)o u(1)b ⊕ gf ⊃ so(2, 1)conf ⊕ su(2)R ⊕ u(1)R2 ⊕ u(1)b (5.19)
of the 3d N = 5 algebra
osp(5|4;R) ⊃ so(2, 3)conf ⊕ so(5)R , (5.20)
where u(1)c ⊕ so(2)rot ' u(1)R2 ⊕ u(1)b. Here, u(1)c is contained in the chain of subalgebras
u(1)c ⊕ su(2)R ⊂ su(2)⊕ su(2)R ' so(4)R ⊂ so(5)R , (5.21)
while so(2)rot is the transverse rotation symmetry inside so(1, 2) ⊂ so(2, 3)conf. Analyzing
the symmetries broken by the defect leads to the following required multiplets.
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• Displacement Multiplet: The broken so(4)R/(su(2)R⊕ u(1)c) currents induce marginal
scalars [±1](0)1 on the defect, while the broken supercharges induce fermions [±1](1)3
2
. To-
gether with the displacement operator [±1](0)2 , they sit inside the displacement multiplet
LA¯1[1]
(0)
1 (5.13) (and its conjugate multiplet A1L¯[−1](0)1 with opposite u(1)b charge).
• Broken R-Current Multiplet: The broken so(5)R/so(4)R currents induce marginal scalars
[±1
2
]
(1)
1 on the defect, while the remaining N = 5 broken supercharges induce fermions
[±1
2
]
(0)
3
2
. Altogether, they sit inside a broken R-current multiplet LA¯1[
1
2
]
(0)
1
2
(and its
conjugate multiplet A1L¯[
1
2
]
(0)
1
2
):
LA¯1 [
1
2
]
(0)
1
2
Q

[1
2
]
(1)
1
Q

[1
2
]
(0)
3
2
(5.22)
• Broken TR Multiplet: It is possible for the defect to break u(1)b (a combination of
transverse rotations and the 3d R-symmetry), which induces a marginal scalar [0]
(0)
1 at
the top of the broken TR multiplet A1A¯1[0]
(1)
1
2
(5.15) (or its conjugate multiplet with
opposite u(1)b charge).
1
5
-BPS Lines
The 1
5
-BPS line preserves a subalgebra
su(1, 1|1)⊕ u(1)b′ ⊕ u(1)b′′ ⊃ so(2, 1)conf ⊕ u(1)R1 ⊕ u(1)b′ ⊕ u(1)b′′ , (5.23)
of the 1
2
-BPS algebra u(1)R2 o psu(1, 1|2) o u(1)b, where u(1)R1 ⊕ u(1)b′ ⊕ u(1)b′′ is a com-
bination of u(1)R2 ⊕ u(1)b and u(1)R ⊂ su(2)R. Analyzing the symmetries broken by the
1
5
-BPS defect in the lens of the 2
5
-BPS defect leads to the following required multiplets.
• Displacement / Broken R-Current Multiplets: The 2
5
-BPS displacement multiplet de-
composes into the 1
5
-BPS displacement multiplet (5.5) as well as a 1
5
-BPS broken R-
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current multiplet (5.10),
LA¯1[1]
(0)
1 → LA¯1[−32 ] 32 ⊕ LA¯1[−1]1 . (5.24)
These multiplets account for the operators induced by the broken osp(4|4;R)/(u(1)R2o
psu(1, 1|2)o u(1)b) symmetries with osp(4|4;R) ⊂ osp(5|4;R).
• Broken R-Current Multiplets The 2
5
-BPS broken current multiplet arising from the
so(5)R/so(4)R broken currents decomposes into two
1
5
-BPS broken R-current multiplets
(5.6) and (5.10),
LA¯1[
1
2
]
(0)
1
2
→ LA¯1[−12 ] 12 ⊕ LA¯1[−1]1 . (5.25)
• Broken R-Current Multiplet: The broken su(2)R/u(1)R currents induce marginal scalars
[±1]1 on the defect, while the 25 -BPS broken supercharges induce fermions [±12 ] 32 . Al-
together they form an additional 1
5
-BPS broken R-current multiplet LA¯1[−1]1 (5.10)
(and its conjugate multiplet A1L¯[1]1).
• Broken TR Multiplet: It is possible for the defect to break any combination of u(1)b′
and u(1)b′′ , both of which are a combination of transverse rotations and the 3d R-
symmetry. Each broken current induces a marginal scalar [0]
(0)
1 at the top of a broken
TR multiplet LA¯1[−12 ] 12 (5.7) (or its conjugate multiplet A1L¯[
1
2
] 1
2
). Note that the defect
can also break a certain combination of u(1)b′ and u(1)b′′ that is a pure R-symmetry,
in which case the induced multiplet should properly be interpreted as an R-current
multiplet.
5.2.5 d = 3, N = 6
1
2
-BPS Lines (maximal)
The 1
2
-BPS line preserves a maximal 1d subalgebra
su(1, 1|3)⊕ u(1)b ⊂ so(2, 1)conf ⊕ su(3)R ⊕ u(1)R3 ⊕ u(1)b (5.26)
of the 3d N = 6 algebra
osp(6|4;R) ⊃ so(2, 3)conf ⊕ so(6)R . (5.27)
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where u(1)c ⊕ so(2)rot ' u(1)R3 ⊕ u(1)b. Here, u(1)c is the commutant of su(3)R ⊂ so(6)R
and so(2)rot is the transverse rotation symmetry inside so(1, 2) ⊂ so(2, 3)conf. Analyzing the
symmetries broken by the defect leads to the following required multiplets.
• Displacement Multiplet: The broken so(6)R/(su(3)R⊕ u(1)c) currents induce marginal
scalars [2]
(1,0)
1 ⊕ [−2](0,1)1 on the defect, while the broken supercharges induce fermions
[5
2
]
(0,1)
3
2
⊕ [−5
2
]
(1,0)
3
2
. Together with the displacement operator [±3](0,0)2 , they sit inside the
displacement multiplet LA¯1[
3
2
]
(0,0)
3
2
(and its conjugate multiplet A1L¯[−32 ](0,0)3
2
):
LA¯1 [
3
2
]
(0,0)
1
2
Q

[2]
(1,0)
1
Q

[5
2
]
(0,1)
3
2
Q

[3]
(0)
2
(5.28)
• Broken TR Multiplet: It is possible for the defect to break u(1)b (a combination of trans-
verse rotations and the 3d R-symmetry), which induces a marginal scalar [0]1 at the
top of the broken TR multiplet A1A¯1[
1
2
]
(1,0)
1
2
(or its conjugate multiplet A1A¯1[−12 ](0,1)1
2
):
A1A¯1 [
1
2
]
(1,0)
1
2
Q¯

Q

[0]
(0,0)
1[1]
(0,1)
1
Q

[3
2
]
(0,0)
3
2
(5.29)
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1
3
-BPS Lines
The 1
3
-BPS line preserves a subalgebra
u(1)R2 o psu(1, 1|2)o u(1)b′ ⊕ u(1)b ⊃ so(2, 1)conf ⊕ su(2)R ⊕ u(1)R2 ⊕ u(1)b ⊕ u(1)b′
(5.30)
of the 1
2
-BPS algebra su(1, 1|3)⊕u(1)b, where u(1)R2 ⊕u(1)b′ is a combination of u(1)R3 and
the u(1)R commutant of su(2)R ⊂ su(3)R. Analyzing the symmetries broken by the 13 -BPS
defect in the lens of the 1
2
-BPS defect leads to the following required multiplets.
• Displacement / Broken R-Current Multiplets: The 1
2
-BPS displacement multiplet de-
composes into the 1
3
-BPS displacement multiplet (5.13) and a 1
3
-BPS broken R-current
multiplet (5.22),
LA¯1[
3
2
]
(0,0)
1
2
→ LA¯1[1](0)1 ⊕ LA¯1[12 ](0)1
2
. (5.31)
These multiplets account for the operators induced by the broken osp(6|4;R)/(su(1, 1|3)⊕
u(1)b) symmetries.
• Broken R-Current Multiplet: The broken su(3)R/(su(2)R ⊕ u(1)R) currents induce
marginal scalars [±1
2
]
(1)
1 on the defect, while the broken
1
2
-BPS supercharges induce
fermions [±1
2
]
(0)
3
2
. Altogether they form an additional 1
3
-BPS broken R-current multiplet
LA¯1[
1
2
]
(0)
1
2
(5.22) (and its conjugate multiplet A1L¯[−12 ](0)1
2
):
• Broken TR Multiplet: It is possible for the defect to break any combination of u(1)b
and u(1)b′ , both of which are a combination of transverse rotations and the 3d R-
symmetry. Each broken current induces a marginal scalar [0]
(0)
1 at the top of a broken
TR multiplet A1A¯1[0]
(1)
1
2
(5.15) (or its conjugate multiplet). Note that it is possible to
break a certain combination of u(1)b and u(1)b′ that is a pure R-symmetry, in which
case the induced multiplet should properly be interpreted as an R-current multiplet.
1
6
-BPS Lines
The 1
6
-BPS line preserves a subalgebra
su(1, 1|1)⊕ su(2)R ⊕ u(1)b ⊕ u(1)b′ ⊃ so(2, 1)conf ⊕ u(1)R1 ⊕ su(2)R ⊕ u(1)b ⊕ u(1)b′ .
(5.32)
of the 1
2
-BPS algebra su(1, 1|3)⊕u(1)b, where u(1)R1 ⊕u(1)b′ is a combination of u(1)R3 and
the u(1)R commutant of su(2)R ⊂ su(3)R. Analyzing the symmetries broken by the 16 -BPS
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defect in the lens of the 1
2
-BPS defect leads to the following required multiplets, where we
label UIRs of su(2)R by their dimension (i.e. the su(2)R fundamental is labeled as 2).
• Displacement / Broken R-Current Multiplets: The 1
2
-BPS displacement multiplet de-
composes into a 1
6
-BPS displacement multiplet (5.5) as well as several 1
6
-BPS broken
R-current multiplets (5.6) and (5.10) ,
LA¯1[
3
2
]
(0,0)
1
2
→ (LA¯1[−32 ] 32 ⊕ LA¯1[−
1
2
] 1
2
,1)⊕ (LA¯1[−1]1,2) . (5.33)
These multiplets account for the operators induced by the broken osp(6|4;R)/(su(1, 1|3)⊕
u(1)b) symmetries.
• Broken R-Current Multiplet: The broken su(3)R/(su(2)R ⊕ u(1)R) currents induce
marginal scalars ([±1]1,2) on the defect, while the broken 12 -BPS supercharges in-
duce fermions ([±1
2
] 3
2
,2). Altogether they form an additional 1
6
-BPS broken R-current
multiplet (LA¯1[−1]1,2) (5.10) (and its conjugate multiplet (A1L¯[1]1,2)).
• Broken R-Current Multiplet: It is possible for the defect to break su(2)R to some
(possibly trivial) subalgebra gb, which induces a set of marginal scalars ([0]1, su(2)R/gb)
on the defect within a broken R-current multiplet (LA¯1[−12 ] 12 , su(2)R/gb) (5.6) (or its
conjugate multiplet (A1L¯[
1
2
] 1
2
, su(2)R/gb)).
• Broken TR Multiplet: It is possible for the defect to break any combination of u(1)b and
u(1)b′ , both of which are a combination of transverse rotations and the 3d R-symmetry.
Each broken current induces a marginal scalar [0]
(0)
1 at the top of a broken TR multiplet
LA¯1[−12 ] 12 (5.15) (or its conjugate multiplet A1L¯[
1
2
] 1
2
). Note that the defect can also
break a certain combination of u(1)b and u(1)b′ that is a pure R-symmetry, in which
case the induced multiplet should properly be interpreted as an R-current multiplet.
5.2.6 d = 3, N = 8
1
2
-BPS Lines (maximal)
The 1
2
-BPS line preserves a maximal 1d subalgebra
su(1, 1|4)⊕ u(1)b ⊃ so(2, 1)conf ⊕ su(4)R ⊕ u(1)R4 ⊕ u(1)b (5.34)
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of the 3d N = 8 algebra
osp(8|4;R) ⊃ so(2, 3)conf ⊕ so(8)R , (5.35)
where u(1)c ⊕ so(2)rot ' u(1)R4 ⊕ u(1)b. Here, u(1)c is the commutant of su(4)R ⊂ so(8)R
and so(2)rot is the transverse rotation symmetry inside so(1, 2) ⊂ so(2, 3)conf. Analyzing the
symmetries broken by the defect leads to the following required multiplets.
• Displacement Multiplet: The broken so(8)R/(su(4)R⊕ u(1)c) currents induce marginal
scalars [±1](0,1,0)1 on the defect, while the broken supercharges induce fermions [32 ](0,0,1)3
2
⊕
[−3
2
]
(1,0,0)
3
2
. Together with the displacement operator [±2](0,0,0)2 , they sit inside the dis-
placement multiplet AA¯1[
1
2
]
(1,0,0)
1
2
(and its conjugate multiplet A1A¯1[−12 ](0,0,1)1
2
):
A1A¯1 [
1
2
]
(1,0,0)
1
2
Q¯

Q

[0]
(0,0,0)
1[1]
(0,1,0)
1
Q

[3
2
]
(0,0,1)
3
2
Q

[2]
(0,0,0)
2
(5.36)
• Broken TR Multiplet: It is possible for the defect to break u(1)b (a combination of
transverse rotations and the 3d R-symmetry), which induces a marginal scalar [0]
(0,0,0)
1
either in the displacement multiplet (5.36) or at the top of a broken TR multiplet
44Note that this is a unique feature of the 12 -BPS line defect in 3d N = 8 SCFTs. That is, symmetry
considerations alone are insufficient to conclude whether the induced scalar resides in the displacement
multiplet or in a separate multiplet.
59
A1A¯1[
1
2
]
(1,0,0)
1
2
(or its conjugate multiplet A1A¯1[−12 ](0,0,1)1
2
):44
A1A¯1 [
1
2
]
(1,0,0)
1
2
Q¯

Q

[0]
(0,0,0)
1[1]
(0,1,0)
1
Q

[3
2
]
(0,0,1)
3
2
Q

[2]
(0,0,0)
2
(5.37)
3
8
-BPS Lines
The 3
8
-BPS line preserves a subalgebra
su(1, 1|3)⊕ u(1)b ⊕ u(1)b′ ⊃ so(2, 1)conf ⊕ su(3)R ⊕ u(1)R3 ⊕ u(1)b ⊕ u(1)b′ . (5.38)
of the 1
2
-BPS algebra su(1, 1|4)⊕u(1)b, where u(1)R3 ⊕u(1)b′ is a combination of u(1)R4 and
the u(1)R commutant of su(3)R ⊂ su(4)R. Analyzing the symmetries broken by the 38 -BPS
defect in the lens of the 1
2
-BPS defect leads to the following required multiplets.
• Displacement / Broken R-Current Multiplets: The 1
2
-BPS displacement multiplet de-
composes into a 3
8
-BPS displacement multiplet (5.28) as well as a 3
8
-BPS broken R-
current multiplet (5.40),
A1A¯1[
1
2
]
(1,0,0)
1
2
→ LA¯1[32 ](0,0)3
2
⊕ A1A¯1[12 ](1,0)1
2
, (5.39)
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where the R-current multiplet is given by
A1A¯1 [
1
2
]
(1,0)
1
2
Q¯

Q

[0]
(0,0)
1[1]
(0,1)
1
Q

[3
2
]
(0,0)
3
2
(5.40)
These multiplets account for the operators induced by the broken osp(8|4;R)/(su(1, 1|4)⊕
u(1)b) symmetries.
• Broken R-Current Multiplet: The broken su(4)R/(su(3)R ⊕ u(1)R) currents induce
marginal scalars [1]
(0,1)
1 ⊕ [−1](1,0)1 on the defect, while the broken 12 -BPS supercharges
induce fermions [±3
2
]
(0,0)
3
2
. Altogether they form an additional 3
8
-BPS broken R-current
multiplet A1A¯1[
1
2
]
(1,0)
1
2
(5.40) (and its conjugate multiplet A1A¯1[−12 ](0,1)1
2
).
• Broken TR Multiplet: It is possible for the defect to break any combination of u(1)b
and u(1)b′ , both of which are a combination of transverse rotations and the 3d R-
symmetry. Each broken current induces a marginal scalar [0]
(0,0)
1 at the top of a broken
TR multiplet A1A¯1[
1
2
]
(1,0)
1
2
(5.29) (or its conjugate multiplet A1A¯1[−12 ](0,1)1
2
).
1
4
-BPS Lines
The 1
4
-BPS line preserves a subalgebra
u(1)R2 o psu(1, 1|2)o u(1)b′ ⊕ su(2)R′ ⊕ u(1)b
⊃ so(2, 1)conf ⊕ su(2)R ⊕ su(2)R′ ⊕ u(1)R2 ⊕ u(1)b ⊕ u(1)b′
(5.41)
of the 1
2
-BPS algebra su(1, 1|4)⊕u(1)b, where u(1)R2 ⊕u(1)b′ is a combination of u(1)R4 and
the u(1)R commutant of su(2)R ⊕ su(2)R′ ⊂ su(4)R. Analyzing the symmetries broken by
the 1
8
-BPS defect in the lens of the 1
2
-BPS defect leads to the following required multiplets,
where we label UIRs of su(2)R′ by their dimension (i.e. the su(2)R′ fundamental is labeled
as 2).
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• Displacement / Broken R-Current Multiplets: The 1
2
-BPS displacement multiplet de-
composes into the 1
4
-BPS displacement multiplet (5.13) as well as several 1
4
-BPS broken
R-current multiplets (5.14) and (5.22),
A1A¯1[
1
2
]
(1,0,0)
1
2
→
(
LA¯1[1]
(0)
1 ⊕ A1A¯1[0](1)1
2
,1
)
⊕
(
LA¯1[
1
2
]
(0)
1
2
,2
)
. (5.42)
These multiplets account for the operators induced by the broken osp(8|4;R)/(su(1, 1|4)⊕
u(1)b) symmetries.
• Broken R-Current Multiplet: The broken su(4)R/(su(2)R ⊕ su(2)R′ ⊕ u(1)R) currents
induce marginal scalars ([±1
2
]
(1)
1 ,2) on the defect, while the broken
1
2
-BPS supercharges
induce fermions ([±1
2
]
(0)
5
2
,2). Altogether they form an additional 1
4
-BPS broken R-
current multiplet (LA¯1[
1
2
]
(0)
1
2
,2) (5.22) (and its conjugate multiplet (A1L¯[−12 ](0)1
2
,2)).
• Broken R-Current Multiplet: It is possible for the defect to break su(2)R′ to some (pos-
sibly trivial) subalgebra gb, which induces a set of marginal scalars ([0]
(0)
1 , su(2)R′/gb)
on the defect within a broken R-current multiplet (A1A¯1[0]
(1)
1
2
, su(2)R′/gb) (5.14) (or its
conjugate multiplet).
• Broken TR Multiplet: It is possible for the defect to break any combination of u(1)b
and u(1)b′ , both of which are a combination of transverse rotations and the 3d R-
symmetry. Each broken current induces a marginal scalar [0]
(0)
1 at the top of a broken
TR multiplet A1A¯1[0]
(1)
1
2
(5.15) (or its conjugate multiplet). Note that it is possible to
break a certain combination of u(1)b and u(1)b′ that is a pure R-symmetry, in which
case the induced multiplet should properly be interpreted as an R-current multiplet.
1
8
-BPS Lines
The 1
8
-BPS line preserves a subalgebra
su(1, 1|1)⊕ su(3)R ⊕ u(1)b ⊕ u(1)b′ ⊃ so(2, 1)conf ⊕ u(1)R1 ⊕ su(3)R ⊕ u(1)b ⊕ u(1)b′ .
(5.43)
of the 1
2
-BPS algebra su(1, 1|4) ⊕ u(1)b, where u(1)R1 ⊕ u(1)b′ is a combination of u(1)R4
and the u(1)R commutant of su(3)R ⊂ su(4)R. Analyzing the symmetries broken by the 18 -
BPS defect in the lens of the 1
2
-BPS defect leads to the following required multiplets, where
we label UIRs of su(3)R by their dimension (i.e. the su(3)R fundamental is labeled as 3),
excluding the trivial representation (which we leave implicit).
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• Displacement / Broken R-Current Multiplets: The 1
2
-BPS displacement multiplet de-
composes into the 1
8
-BPS displacement multiplet (5.5) as well as several 1
8
-BPS broken
current multiplets (5.10) and (5.6) ,
A1A¯1[
1
2
]
(1,0,0)
1
2
→
(
LA¯1[−32 ] 32 ⊕ A1L¯[
1
2
] 1
2
,1
)
⊕
(
LA¯1[−12 ] 12 ,3
)
⊕ (LA¯1[−1]1, 3¯) .
(5.44)
These multiplets account for the operators induced by the broken osp(8|4;R)/(su(1, 1|4)⊕
u(1)b) symmetries.
• Broken R-Current Multiplet: The broken su(4)R/(su(3)R ⊕ u(1)R) currents induce
marginal scalars ([−1]1,3)⊕([1]1, 3¯) on the defect, while the broken 12 -BPS supercharges
induce fermions ([−1
2
] 5
2
,3)⊕ [1
2
] 5
2
, 3¯). Altogether they form an additional 1
8
-BPS broken
R-current multiplet (LA¯1[−1]1,3) (5.10) (and its conjugate multiplet (A1L¯[1]1, 3¯)).
• Broken R-Current Multiplet: It is possible for the defect to break su(3)R to some
(possibly trivial) subalgebra gb, which induces a set of marginal scalars ([0]1, su(3)R/gb)
on the defect within a broken R-current multiplet (LA¯1[−12 ] 12 , su(3)R/gb) (5.6) (or its
conjugate multiplet (A1L¯[
1
2
] 1
2
, su(3)R/gb)).
• Broken TR Multiplet: It is possible for the defect to break any combination of u(1)b and
u(1)b′ , both of which are a combination of transverse rotations and the 3d R-symmetry.
Each broken current induces a marginal scalar [0]1 at the top of a broken TR multiplet
LA¯1[−12 ] 12 (5.7) (or its conjugate multiplet A1L¯[
1
2
] 1
2
). Note that it is possible to break
a certain combination of u(1)b and u(1)b′ that is a pure R-symmetry, in which case the
induced multiplet should properly be interpreted as an R-current multiplet.
5.3 Superconformal Lines in d = 4
5.3.1 d = 4, N = 2
1
2
-BPS Lines (maximal)
The 1
2
-BPS line preserves a maximal 1d subalgebra
osp(4∗|2)⊕Gf ⊃ so(2, 1)conf ⊕ su(2)rot ⊕ su(2)R ⊕Gf (5.45)
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of the flavored 4d N = 2 algebra
su(2, 2|2)⊕Gf ⊃ so(2, 4)conf ⊕ su(2)R ⊕ u(1)R ⊕Gf , (5.46)
where the transverse rotation symmetry su(2)rot ' so(3)rot sits inside so(1, 3) ⊂ so(2, 4)conf
and su(2)R ' su(2)R. Analyzing the symmetries broken by the defect leads to the following
required multiplets. Note that everything transforms trivially under Gf .
• Displacement Multiplet: The broken u(1)R current induces a marginal scalar [0](0)1 on
the defect, while the broken supercharges induce fermions [1]
(1)
3
2
. Together with the
displacement operator [2]
(0)
2 , they sit inside the displacement multiplet A2[0]
(0)
1 :
A2 [0]
(0)
1
Q // [1](1)3
2
Q // [2](0)2 (5.47)
• The defect must preserve the full 4d flavor symmetry Gf because osp(4∗|2) does not
admit any F-current multiplets.
• Note that because the su(2)rot is fully contained within osp(4∗|2), it is not possible
for the defect to break transverse rotation symmetry without breaking any further
supersymmetry.
5.3.2 d = 4, N = 3
1
3
-BPS Lines (maximal)
The 1
3
-BPS line preserves a maximal 1d subalgebra
osp(4∗|2)⊕ u(1)b ⊃ so(2, 1)conf ⊕ su(2)rot ⊕ su(2)R ⊕ u(1)b (5.48)
of the 4d N = 3 algebra
su(2, 2|3) ⊃ so(2, 4)conf ⊕ su(3)R ⊕ u(1)R , (5.49)
where the transverse rotation symmetry su(2)rot ' so(3)rot sits inside so(1, 3) ⊂ so(2, 4)conf
and u(1)b is the commutant of osp(4
∗|2) ⊂ su(2, 2|3). Analyzing the symmetries broken by
the defect leads to the following required multiplets.
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• Displacement Multiplet: The broken u(1)R current induces a marginal scalar [0](0)1 on
the defect, while the broken N = 2 supercharges induce fermions [1](1)3
2
. Together with
the displacement operator [2]
(0)
2 , they sit inside the displacement multiplet A2[0]
(0)
1
(5.47).
• Broken R-Current Multiplet: The broken su(3)R/(su(2)R ⊕ u(1)R) currents induce
marginal scalars [0]
(1)
1 on the defect, while the remainingN = 3 broken supercharges in-
duce fermions [1]
(0)
3
2
. Altogether, they sit inside the broken R-current multiplet B1[0]
(1)
1 :
B1 [0]
(1)
1
Q // [1](0)3
2
(5.50)
• Note that because su(2)rot is fully contained within osp(4∗|2), it is not possible for the
defect to break transverse rotations without breaking any further supersymmetry.
5.3.3 d = 4, N = 4
1
2
-BPS Lines (maximal)
The 1
2
-BPS line preserves a maximal 1d subalgebra
osp(4∗|4) ⊃ so(2, 1)conf ⊕ su(2)rot ⊕ usp(4)R (5.51)
of the 4d N = 4 algebra
psu(2, 2|4) ⊃ so(2, 4)conf ⊕ su(4)R , (5.52)
where the transverse rotation symmetry su(2)rot ' so(3)rot sits inside so(1, 3) ⊂ so(2, 4)conf.
Analyzing the symmetries broken by the defect leads to the following required multiplets.
• Displacement Multiplet: The broken su(4)R/usp(4)R currents induce marginal scalars
[0]
(0,1)
1 on the defect, while the broken supercharges induce fermions [1]
(1,0)
3
2
. Together
with the displacement operator [2]
(0,0)
2 , they sit inside the displacement multiplet
B1[0]
(0,1)
1 :
B1 [0]
(0,1)
1
Q // [1](1,0)3
2
Q // [2](0,0)2 (5.53)
• Note that because su(2)rot is fully contained within osp(4∗|4), it is not possible for the
defect to break transverse rotations without breaking any further supersymmetry.
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1
4
-BPS Lines
The 1
4
-BPS line preserves a subalgebra
osp(4∗|2)⊕ su(2)F ⊃ so(2, 1)conf ⊕ su(2)rot ⊕ su(2)R ⊕ su(2)F (5.54)
of the 1
2
-BPS algebra osp(4∗|4), where su(2)R⊕su(2)F ⊂ usp(4)R. Analyzing the symmetries
broken by the 1
4
-BPS defect in the lens of the 1
2
-BPS defect leads to the following required
multiplets, where we label UIRs of su(2)F by their dimension (i.e. the su(2)F doublet is
labeled as 2).
• Displacement / Broken R-Current Multiplets: The 1
2
-BPS displacement multiplet de-
composes into the 1
4
-BPS displacement multiplet (5.47) as well as a 1
4
-BPS broken
R-current multiplet (5.50),
B1[0]
(0,1)
1 →
(
A2[0]
(0)
1 ,1
)
⊕
(
B1[0]
(1)
1 ,2
)
. (5.55)
These multiplets account for the operators induced by the broken psu(2, 2|4)/osp(4∗|4)
symmetries.
• Broken R-Current Multiplet: The broken usp(4)R/(su(2)R ⊕ su(2)F ) currents induce
marginal scalars ([0]
(1)
1 ,2) on the defect, while the broken
1
2
-BPS supercharges induce
fermions ([1]
(0)
3
2
,2). Altogether, they form an additional broken R-current multiplet
(B1[0]
(1)
1 ,2) (5.50).
• The defect must preserve su(2)F because osp(4∗|2) does not admit any F-current mul-
tiplets.
• Note that because su(2)rot transverse rotations are fully contained within osp(4∗|2), it
is not possible for the defect to break transverse rotation symmetry without breaking
any further supersymmetry.
5.4 Superconformal Lines in d = 5
1
2
-BPS Lines (maximal)
The 1
2
-BPS line preserves a maximal 1d subalgebra
D(2, 1; 2; 0)⊕ su(2)right ⊕Gf ⊃ so(2, 1)conf ⊕ so(4)rot ⊕ su(2)R ⊕Gf (5.56)
66
of the flavored 5d N = 1 algebra
F (4; 2) ⊃ so(2, 5)conf ⊕ su(2)R ⊕Gf , (5.57)
where the transverse rotation symmetry so(4)rot ' su(2)left ⊕ su(2)right sits inside so(1, 4) ⊂
so(2, 5)conf, and su(2)R ' su(2)R. Analyzing the symmetries broken by the defect leads to
the following required multiplets. Recall that su(2)left irreps are labeled by [j] and su(2)right
irreps by j′ + 1. Note that everything transforms trivially under Gf
• Displacement Multiplet: The broken supercharges induce fermions ([0](1)3
2
,2) on the
defect. Together with the displacement operator ([1]
(0)
2 ,2), they sit inside the displace-
ment multiplet (B1[0]
(1)
3
2
,2):
B1 [0]
(1)
3
2
,2 Q // [1](0)2 ,2 (5.58)
• The defect must preserve both so(4)rot transverse rotations and the 5d flavor symmetry
Gf because D(2, 1; 2; 0) does not admit any multiplets with marginal top components
(i.e. there are no broken R/F-current multiplets nor TR multiplets).45
5.5 Examples of Superconformal Line Defects
In this section, we briefly review realizations of superconformal lines in SCFTs that ap-
pear in the literature. They typically arise when the SCFT has a supersymmetric gauge
theory description (either conformal or connected by an RG flow). As discussed in the Intro-
duction, the known line defects are then described by either order-type Wilson lines (1.1),
disorder-type line defects (1.2), or a superposition of the two. We emphasize that all known
superconformal line defects preserve the transverse rotation symmetry so(d− 1)rot.
Four Dimensions
Many 4d SCFTs have superconformal gauge theory descriptions which makes it possible to
define manifestly superconformal line defects.
We start with the most studied case of the 4d N = 4 SYM. Here one can define unitary
supersymmetric Wilson lines using the gauge fields Aµ as well as the adjoint scalars Φ
i with
45This addresses a question in [83] regarding the possible existence of 5d superconformal lines breaking
the transverse rotation symmetry and certain bulk flavor symmetry. The answer is negative.
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i = 1, 2, . . . , 6 in the vector multiplet [84–91]
W 4dR = trR P exp
(
i
∫
L dt
)
, L = Aµx˙µ + |x˙|ΘiΦi , (5.59)
along a general curve specified by xµ(τ), where the trace is taken in a particular representa-
tion R of the gauge group. Here Θi is a position dependent coupling constrained by xµ(τ) to
preserve supersymmetry. For a superconformal Wilson line, we can take its worldvolume to
be a straight line parametrized as xµ = (t, 0, 0, 0) up to a conformal transformation. A quick
calculation using the supersymmetry transformation rules of the SYM fields then shows that
to preserve any supersymmetry requires Θi(τ) = (0, . . . , 0, 1) up to a constant so(6)R rota-
tion. The resulting superconformal line is in fact half-BPS and preserves the superconformal
subalgebra osp(4∗|4), which contains as bosonic subalgebras the residual so(5) ⊂ su(4)R
R-symmetry that rotates the 5 scalars Φi with i 6= 6, the so(3)rot transverse rotations, as
well as the so(2, 1)conf conformal symmetry along the line.
46 The generalization to super-
conformal Wilson lines in 4d N = 2 superconformal gauge theories (such as the N = 2
conformal SQCD) is straightforward. In this case, the scalar Φ6 that couples to the super-
conformal Wilson line in N = 4 SYM gets replaced by an adjoint scalar σ in the N = 2
vector multiplet, and the corresponding Wilson line is again half-BPS and now preserves
osp(4∗|2) superconformal symmetry.
There are also supersymmetric line defects of the disorder-type in 4d N = 2 and N = 4
superconformal gauge theories given by ’t Hooft line operators. They are specified by singular
supersymmetric boundary conditions for the transverse field strength Fij and adjoint scalar
σ (Φ6 for N = 4 SYM) along the line xµ = (t, 0, 0, 0) [28],
Fij(t, ~x) =
1
2
ijk
xk
|~x|3T + regular, σ(t, ~x) = −
2
|~x|T + regular (5.61)
where T is an element in the cocharacter lattice Λcochar(G) of the gauge group G. These
superconformal ’t Hooft lines are related by S-duality to the supersymmetric Wilson lines,
and more generally to Wilson-’t Hooft lines under the full duality group (e.g. SL(2,Z) for
the N = 4 SYM with simply-laced gauge groups), which preserve the isomorphic half-BPS
46To give an example of a non-unitary superconformal line defect, we take the following scalar Wilson line
in the 4d N = 4 SYM
W 4d = trP exp
(
α
∫
(Φ5 + iΦ6)dt
)
, (5.60)
with a marginal parameter α. This Wilson line preserves a Borel subalgebra of the complexified N = 4
superconformal algebra.
68
superconformal symmetry [92–96]. In large N theories with AdS5 supergravity duals, these
superconformal line defects correspond to either probe brane (string) solutions that wrap
an AdS2 ⊂ AdS5 submanifold [84, 85, 97] or fully back-reacted geometries with an AdS2
factor [98, 99] (e.g. the giant Wilson loop in the symmetric representation of rank O(N) in
the N = 4 SYM with gauge group SU(N)).
With only 4d N = 1 supersymmetry, vanishing of the one-loop beta function for the
Yang-Mills coupling does not guarantee that it’s exactly marginal, due to the nontrivial
renormalization of the Ka¨hler potential [100–105]. Consequently 4d N = 1 superconformal
Lagrangians are rare except for those related by marginal deformations (superpotential de-
formations) toN > 1 SCFTs.47 NonethelessN = 1 preserving RG flows from asymptotically
free gauge theories in 4d are known to yield a huge zoo of 4d N = 1 SCFTs [108–111], many
of which have large N holographic duals [112–114]. One may hope to construct supersym-
metric Wilson (’t Hooft) lines as in the 4d N = 2 and N = 4 cases using the gauge theory
description (either conformal or asymptotically free), but this is not possible because the 4d
N = 1 vector multiplet does not contain extra scalar fields.48 This is in agreement with our
classification.
The 4d N = 3 SCFTs do not admit conventional Lagrangian descriptions since the
N = 3 vector multiplet is automatically N = 4 supersymmetric [116–118]. Because of the
non-Lagrangian nature, to our knowledge, no supersymmetric line defects are known in 4d
N = 3 SCFTs (that are not topological). Some of these N = 3 SCFTs can be realized by
gauging a discrete Zk symmetry with k = 3, 4, 6 in the N = 4 SYM, which is a combination
of the SO(6) R-symmetry and a certain SL(2,Z) duality transformation that is promoted to
a symmetry for special values of the marginal coupling, namely τ = epii/3 or τ = i. Since the
Zk generator acts nontrivially on the adjoint scalar Φ6, the superconformal Wilson and ’t
Hooft lines of the N = 4 SYM do not survive this discrete gauging.49 It would be interesting
to come up with examples of superconformal lines in 4d N = 3 SCFTs.
47For example see [106,107] for N = 1 exactly marginal deformations of the 4d N = 4 SYM.
48We emphasize that there are light-like supersymmetric line defects that can be defined using the 4d
N = 1 gauge theory. For example, the ordinary Wilson line along the null line xµ = (t, t, 0, 0) is half-BPS
(and preserves all the superconformal charges in the IR) [115].
49More explicitly, up to SO(6)R conjugation, Zk acts on the pair of scalars (Φ5,Φ6) by a 2pik rotation [117].
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Five Dimensions
The 5d N = 1 supersymmetric gauge theories contain BPS Wilson loops analogous to the
ones in the 4d N = 2 theories [83],
W 5dR = trR P exp
(
i
∫
L dt
)
, L = Aµx˙µ + |x˙|σ . (5.62)
along the straight line xµ = (t, 0, 0, 0, 0). Here the scalar σ is a part of the 5d N = 1 vector
multiplet.
The Yang-Mills coupling is irrelevant in 5d and so such gauge theory descriptions can
arise from a certain supersymmetric mass deformation of 5dN = 1 SCFTs [40,119–121]. The
corresponding mass parameter is then identified with the dimensionful Yang-Mills coupling
1
g2YM
of the IR gauge theory.
We expect the supersymmetric Wilson lines (5.62) to be described by a superconformal
line defect at the UV fixed point. Due to its half-BPS nature, its enhanced superconformal
symmetry is fixed to be D(2, 1; 2; 0) ⊕ su(2)right according to our classification in Table 12.
In particular, the corresponding superconformal line preserves the full su(2)R R-symmetry
of the 5d SCFT and so(4)rot ' su(2)left ⊕ su(2)right transverse rotations. In large N SCFTs
with AdS6 supergravity duals, these superconformal line defects can be described by probe
brane (string) solutions wrapping an AdS2 submanifold in AdS6 [83] or fully-back reacted
geometries that involve an AdS2 factor [122].
Six Dimensions
In 6d SCFTs, there are no known superconformal line defects in the literature, partly due to
the strongly-coupled nature of these theories. This is suggestive from our classification, which
says that 6d (1, 0) SCFTs (with no enhanced supersymmetry) admit no superconformal
lines, whereas 6d (2, 0) SCFTs may admit minimal lines that preserve osp(1|2;R) while
breaking the transverse so(5)rot rotation symmetry completely. Many 6d (1, 0) SCFTs have
supersymmetric Lagrangian descriptions involving 6d gauge theories on their tensor branch
moduli space (see for example [123–128]), and so one can define Wilson lines as in lower
dimensions. However, they are clearly non-supersymmetric, essentially because the 6d (1, 0)
vector multiplet contains no scalars.50
50Once again it is possible to define supersymmetric light-like Wilson lines in 6d SCFTs which correspond
to superconformal lightlike line defects at the fixed point.
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Three Dimensions
The story is significantly richer in 3d, where many different types of superconformal line
defects abound. A good playground for the study of such lines is conformal Chern-Simons
matter (CSM) theory, which comes with various amounts of supersymmetry, and in particular
admits superconformal Wilson lines (for a recent review see [129] and references therein).
These lines all fall into two general classes, referred to as Gaiotto-Yin (GY) Wilson lines [130],
and Drukker-Trancanelli (DT) Wilson lines [131].51
The GY-type lines can be defined for any N = 2 CSM theory in terms of the gauge fields
Aµ and the adjoint scalar σ in the 3d vector multiplet [130],
W 3dGY = trR P exp
(
i
∮
LGY dt
)
, LGY = Aµx˙µ + |x˙|σ . (5.63)
Note the similarities between this construction and the 1
2
-BPS lines found in 4d and 5d gauge
theories. When the contour is taken to be xµ = (t, 0, 0), the Wilson line preserves two real
supercharges and their superconformal partners, as well as so(2)rot transverse rotations and
at least a u(1)R’s worth of the R-symmetry, which altogether combine into su(1, 1|1)⊕ u(1)b
symmetry. The line also preserves the global flavor symmetry, should any be present.
The N = 3 extension of N = 2 CSM theory includes 1
3
-BPS GY-type lines, where the
coupling is modified to include the scalar component of the N = 3 auxiliary adjoint chiral
field [130]. Furthermore, the N = 2 construction naturally generalizes to lines in N > 2
theories. This includes examples such as 1
6
-BPS lines in the N = 6 U(N1)k × U(N2)−k the-
ory of Aharony-Bergman-Jafferis-Maldacena (ABJM) and Aharony-Bergman-Jafferis (ABJ)
[132–136], 1
3
-BPS lines in N = 3 flavored ABJM theory [137, 138], and as special cases of
more general 1
4
-BPS lines in N = 4 orbifold ABJM constructions [139]. The GY-type con-
struction can also be realized inN = 8 Bagger-Lambert-Gustavsson (BLG) theory [140–142],
where the line in question is obvious in the SU(2)k × SU(2)−k CSM reformulation of the
theory [143,144], although such lines have never been explicitly studied in the literature. A
notable feature of the GY-construction is that it never experiences enhanced SUSY in N > 2
SCFTs and always preserves the same su(1, 1|1) superconformal symmetry (excluding addi-
tional bosonic symmetries).
We next consider the DT-type lines, which naturally live in quiver CSM theories. The
first example of such lines appeared for U(N1)k × U(N2)−k ABJ(M) theory in the seminal
51Sometimes the GY and DT-type Wilson lines are also referred to as bosonic and fermionic Wilson lines
respectively, due to the fermionic couplings in the definition of the DT-type Wilson line.
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work of [131], where they were written in terms of a U(N1|N2) superconnection involving
gauge fields Aµ, as well as the bifundamental scalars CI and bifundamental fermions ψI with
su(4)R fundamental indices I = 1, 2, 3, 4,
W 3dDT = trR P exp
(
i
∫
LDT dt
)
,
LDT =
Aµx˙µ + 2pik |x˙|M IJ CIC¯J √2pik |x˙|ζ¯IψI√
2pi
k
|x˙|ψ¯IηI Âµx˙µ + 2pik |x˙|M̂ IJ C¯JCI
 . (5.64)
The DT construction contains several free parameters M IJ and η
α
I where α = ± is a spinor
index, which can be tuned to preserve either 1
6
or 1
2
of the N = 6 superconformal symme-
tries [145, 146]. Hence the corresponding DT Wilson lines in the ABJ(M) theories preserve
su(1, 1|1) ⊕ u(1)b ⊕ u(2)R and su(1, 1|3) ⊕ u(1)b symmetries respectively.52 The DT-type
construction can be generalized to a block-diagonal 2-node superconnection in more general
quiver CSM theories, namely 1
2
-BPS lines in N = 2 theories [145], 1
2
-BPS and 1
4
-BPS lines
in N = 4 quiver CSM theories [139, 147], and 2
5
-BPS lines in N = 5 [148]. Note that such
a construction appears to be absent for 1
3
-BPS lines in N = 6 ABJM [146]. There are
also further generalizations of the DT-type line where the connection cannot be put into
block diagonal form consisting of 2-node blocks in the quiver, and sometimes even loses its
interpretation as a supergroup connection. This more exotic construction exists for 1
2
-BPS
and 1
4
-BPS lines in N = 4 circular quivers [149], as well as 1
2
-BPS lines in N = 2 CSM
theories [150].
Apart from the manifestly conformal CSM constructions, a large family of 3d SCFTs arise
from supersymmetric RG flows from (abelian and non-abelian) Yang-Mills theories coupled
to matter, possibly with additional Chern-Simons couplings [151–160]. For example, a class
of 3d N = 8 ABJM theories are believed to describe the IR SCFT of 3d N = 8 SYM with
various gauge groups [161]. These theories are generally harder to study due to the strongly
coupled Yang-Mills dynamics in the IR, but a number of important CFT data such as the
superconformal index, F-function, as well as conformal and flavor central charges can be
extracted using supersymmetric localization (see [162], and in particular the chapters [163]
and [164] for a comprehensive review). The UV gauge theories admit supersymmetric Wilson
lines of the GY-type (5.63) and it is generally expected that they flow to superconformal
52The DT-type Wilson lines are invariant under transverse so(2)rot rotations despite the fact that the
line density LDT transforms nontrivially under so(2)rot due to the fermion couplings. This is because the
rotation of the fermions ψ → eiαψ, ψ¯ → e−iαψ¯ can be undone by a U(1) gauge transformation given by
(e
iα
2 , e−
iα
2 ) ∈ U(N1)× U(N2) ⊂ U(N1|N2).
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line defects in the IR SCFT. This is supported by the results of localization methods that
compute the defect free energy log〈D〉 of a circular Wilson loop on S3 [165] and the defect
superconformal index on S1 × S2 [166].
Finally there are also disorder-type line defects in 3d supersymmetric gauge theories,
known as vortex lines [167, 168]. Analogous to the ’t Hooft lines in 4d, a vortex line along
xµ = (t, 0, 0) is specified by a singularity of the gauge field53
F12(t, xi) = HδΣ(x⊥) + regular . (5.65)
Here, H is the vorticity — it labels an element of the maximal torus of the gauge group G,
H ∈ h(G)/2piΛcochar(G) , (5.66)
which induces a nontrivial holonomy for fields charged under G. Vortex lines can be general-
ized by allowing for singularities in the matter fields of the theory [166,167]. For example the
3d N = 6 ABJM theories contain superconformal vortex lines that are either 1
2
, 1
3
or 1
6
-BPS,
depending on which of the bifundamental scalars CI develop a scale invariant singularity
CI(t, xi) =
BI√
z
+ regular , (5.67)
where z = x1+ix2 is a holomorphic transverse coordinate and BI ∈ h(G) is in the same block
diagonal form as H [167]. For CS levels k = 1, 2, the bulk SCFT has enhanced 3d N = 8
superconformal symmetry, and as argued in [167] these vortex lines become 1
2
, 1
4
and 1
8
BPS
respectively.54 By 3d mirror symmetry [151,152,169], the vortex lines and Wilson lines can
describe the same superconformal line in the SCFT, which is explored in [166,168,170].
6 Deformations of Superconformal Lines
In this section, we discuss unitary deformations of a given unitary superconformal line defect
D by a local operator O on its worldvolume Σ with coupling gO,
SDCFT → SDCFT + gO
∫
Σ
O(x‖) , (6.1)
53One can also define supersymmetric vortex lines for background gauge fields [166,168].
54Certain 13 -BPS vortex line in the 3d N = 6 ABJM theory can also become 12 -BPS at k = 1, 2 [167].
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that preserves the supersymmetry generators Q ∈ gs, the Poincare` symmetry (translation
along the line), but not necessarily the conformal and superconformal symmetries. This
requires O to be a top component in a unitary 1d superconformal multiplet with respect to
gs. Depending on whether the operator O resides in a short or long multiplet, we refer to
the corresponding deformations as F-term and D-term deformations respectively.
These types of deformations fall into one of three categories based on the scaling di-
mension ∆O of O, namely relevant deformations for 0 < ∆O < 1, marginal deformations
for ∆O = 1 and irrelevant deformations for ∆O > 1. The marginal case further consists of
marginally relevant, marginally irrelevant, and exactly marginal operators. The relevant and
irrelevant (as well as marginally relevant and marginally irrelevant) deformations keep track
of supersymmetric defect RG flows from and into the superconformal defect D, whereas
the exactly marginal deformations generate a conformal manifold of defects MD = {gO}
parametrized by the couplings.
The D-term deformations come from the unique top component in long multiplets of
the defect superconformal algebra gs. For a defect D that preserves ND supercharges Q
(for line defects ND = N1 as in Table 12), O is given schematically by QND acting on the
superconformal primary in a long multiplet. Consequently a D-term deformation always has
∆O > ND2 , which is irrelevant for ND > 1.55 The F-term deformations are more intricate
as they can show up as either manifest or accidental top components in a short multiplet.56
Since the superconformal primaries are annihilated when acted upon by certain combinations
of the supercharges Q, these top components can have lower scaling dimensions.
From the classification of unitary superconformal multiplets for admissible 1d super-
conformal algebras of line defects in Table 12, we observe that, apart from the minimal
superconformal lines:
• Relevant F-term deformations are only possible for line defects in 3d N > 1 SCFTs
preserving the defect superconformal algebra su(1, 1|1). They arise as the unique man-
ifest top component in short multiplets of the type A1L¯[j]j (and its conjugate) for
0 < j < 1
2
.
• Marginal F-term deformations are only possible for line defects in 3d N > 1 SCFTs
preserving the following defect superconformal algebras: su(1, 1|1), u(1)opsu(1, 1|2)o
u(1), su(1, 1|3) and su(1, 1|4). For the case of su(1, 1|1), the marginal operator comes
55Recall that the ND = 1 1d superconformal algebra is osp(1|2;R) which admits no short multiplets.
56Recall that a short multiplet may contain multiple manifest top components, some of which can appear
in the “middle” of the multiplet in terms of scaling dimensions [43,44].
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from the unique top component of the multiplet A1L¯[
1
2
] 1
2
(and its conjugate). In all
other cases, the marginal operators are associated to manifest top components of the
multiplet A1A¯1[0]
(R)
1
2
that appears as a level-1 Q-descendant of the superconformal
primary.57
• Irrelevant F-term deformations are possible for all superconformal lines defects.
The minimal superconformal lines (in any dimension) preserve gs = osp(1|2;R) and do not
admit F-term deformations, but they can have D-term deformations that are either relevant,
marginal, or irrelevant.
Let us now discuss in more detail the implications of the above statements for supercon-
formal line defects in relation to their explicit realizations, as reviewed in Section 5.5.
6.1 Rigid Superconformal Lines in 4d and 5d SCFTs
Superconformal line defects that preserve N1 > 1 supercharges in d = 4, 5 SCFTs repre-
sent completely stable fixed points of supersymmetric defect RG flows. They include all
superconformal lines invariant under the transverse rotation symmetry so(d− 1)rot in these
spacetime dimensions. Indeed, for Wilson lines in 4d N = 4 SYM of the form (5.59), and
the N = 2 generalizations, it is straightforward to check that the superconformal half-BPS
line admits no relevant or marginal unitary supersymmetric deformations in terms of the
elementary fields (similarly for the ’t Hooft loops (5.61)).58 They do however admit non-
supersymmetric deformations by the adjoint scalar σ in the N = 2 vector multiplet (Φ6 in
the N = 4 case), which is known to be marginal for the half-BPS Wilson line in N = 4
SYM in the free limit (or in the abelian SYM) but irrelevant at finite coupling [171].59 There
are also marginal (irrespective of bulk gauge coupling) non-supersymmetric deformations
of these half-BPS Wilson loops by the superconformal primary scalars in the displacement
multiplet (A2[0]
(0)
1 for N = 2 (5.47) and B1[0](0,1)1 for N = 4 (5.53)).
Wilson lines in 5d N = 1 SCFTs are more intricate due to the non-renormalizable nature
57We emphasize that these short multiplets which contain marginal operators are never absolutely protected,
in the sense that they can recombine with other multiplets into a long multiplet at threshold, and can
consequently develop anomalous dimensions as we tune gO. To answer whether this happens or not in a
particular defect SCFT requires dynamical data of the theory, for example the three-point function of the
marginal operator O.
58We emphasize the importance of unitarity again. Without unitarity, there are marginal supersymmetric
deformations of the half-BPS Wilson lines by a coupling to the complex scalar Φ5 + iΦ6 along the line as in
(5.60).
59This operator tracks the defect RG flow from the non-BPS conformal Wilson line in N = 4 SYM into
the BPS Wilson line [172].
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of the 5d gauge theory description. As reviewed in Section 5.5, the 5d supersymmetric Wilson
lines are defined in a similar fashion to their cousins in 4d gauge theories. The belief is that
they describe superconformal line defects of the SCFT in the IR gauge theory phase, which
has been verified by supersymmetric localization computations in the field theory, as well as
comparisons to string and probe brane solutions in AdS6 supergravity via AdS/CFT [83,173].
This matching is still mysterious since the localization result utilizes only the classical two-
derivative super-Yang-Mills action coupled to matter hyper-multiplets, while in principle one
should also include irrelevant interactions, both in the bulk and on the defect, generated along
the supersymmetric RG flow from the UV fixed point by the mass deformation.60 Moreover,
if the superconformal line defect were to have an exactly marginal parameter g, we would
need to specify for what value of g the IR localization formulae applies (i.e. which point on
the conformal manifold). The fact that 5d superconformal lines do not admit relevant or
marginal deformations, as seen in our earlier analysis, means that such complications do not
arise on the defect worldvolume. It furthermore explains, to an extent, why the localization
formula works for Wilson line defects in 5d SCFTs.
6.2 Deformable Superconformal Lines in 3d SCFTs
The situation is drastically different for 3d SCFTs, where superconformal lines generally
have marginal parameters. If the number of supersymmetries preserved by the line defect is
small (e.g. N1 ≤ 2), relevant deformations are also possible. A large class of 3d SCFTs are
described by conformal Chern-Simons matter theories of various amounts of supersymmetry,
which admit rich families of superconformal Wilson lines and vortex lines as reviewed in
Section 5.5. While the GY-type Wilson lines (5.63) do not have marginal parameters, the
DT-type Wilson lines (5.64) admit supersymmetric marginal deformations by tuning the
parameters MI
J and ηI in (5.64) simultaneously and preserve gs = su(1, 1|1) superconformal
symmetry in general. Computations of the defect free energy FD ≡ − log〈D〉 via localization
on S3 with the defect along a great S1 [165] suggest that such deformations are exactly
marginal [131, 145, 146], giving rise to a conformal manifold MDT of su(1, 1|1) preserving
superconformal lines, which include the GY-type Wilson lines on a sub-locus.
To be explicit, let us consider DT-type Wilson lines in the 3d N = 6 U(N1)k × U(N2)−k
ABJ(M) theories as in (5.64). Here the conformal manifoldMDT of 16 -BPS lines is parametrized
60Relatedly, it would be interesting to understand the counter-term ambiguities in the localization formulae
that compute defect observables similar to the analysis in [174].
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by [145,146]
MDT : M = diag(−1,−1− 2αβ, 1, 1), ζ¯I = αδ1I (1, i), ηI = βδ1I (i, 1) , (6.2)
where α, β ∈ R and α ≥ 0.61 The GY-type Wilson line in the ABJ(M) theory is located at
α = β = 0 on MDT. Note that MDT also contains a submanifold preserving su(1, 1|3) at
αβ = 1 which describes half-BPS Wilson lines. In the ’t Hooft large N limit, the simplest
Wilson lines correspond to boundary-anchored fundamental strings in the IIA holographic
dual on AdS4 × CP3. The marginal parameters of the Wilson lines can be understood from
the AdS2 world-sheet of the strings. In particular, the analysis of [175] suggests that the
above marginal deformations are described by a family of mixed boundary conditions for
the massless fermions on the AdS2. We emphasize that although the presence of marginal
deformations for the superconformal Wilson lines in ABJM theories are consistent with our
classification at a technical level, the conformal manifold MDT in (6.2) displays the exotic
feature that the deformation is induced by a nonlocal defect operator of the schematic form62
O(t) = C2C¯2(t) + ψ1(t)
∫ ∞
t
dt′ψ¯1(t′) , (6.3)
essentially because of the fermionic off-diagonal components of the superconnection in (5.64).
This nonlocal feature is also present in the proposed holographic dual [175].
Let us now discuss deformations of the superconformal vortex lines, focusing on the 1
2
-
BPS examples in 3d N = 6 U(N)k×U(N)−k ABJM theories [167]. These vortex lines come
with discrete families labeled by Levi subgroups of U(N)
L = U(N0)× U(N1)× · · · × U(Nm) (6.4)
with
∑m
i=0 Ni = N . Within each family, the vortex line defect is defined by singularities in
the gauge and scalar fields as
C1 =
1√
z
diag(0N0 , β11N1 , . . . , βm1Nm), C2 = C3 = C4 = 0 ,
Az = Âz = − i
4kz
diag(0N0 , α11N1 , . . . , αm1Nm), At = Ât = −2piC¯1C1 .
(6.5)
The real parameters (αi, βi) are marginal and so it would be interesting to investigate whether
61We have used the unitarity condition αβ ∈ R and also fixed the U(1) gauge ambiguity that would induce
opposite phase factors for α and β.
62This first appeared in Diego Correa’s talk “Wilson lines as 1d defects” at IGST 2020. The slides are
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they are exactly marginal, thus defining a conformal manifold MVL of superconformal vor-
tex lines. Similarly, 1
4
and 1
6
-BPS vortex lines in the ABJM theories also contain (more)
marginal parameters [167], confirming our general argument from superconformal represen-
tation theory.
Line defects preserving gs = su(1, 1|1) superconformal symmetry in 3d SCFTs may also
have relevant supersymmetric deformations according to our analysis. This requires a defect
superconformal primary V of scaling dimension ∆ < 1
2
whose level-one Q-descendant O can
trigger a supersymmetric RG flow. Clearly V has to be an intrinsic defect operator since its
dimension is below the unitarity bound of 3d local operators. For the superconformal Wilson
lines in CSM theories, such an operator V can potentially arise as (dressed) monopole opera-
tors that are stuck to the Wilson line (e.g. a monopole operator in the adjoint representation
of the gauge group). It would be interesting to analyze such deformations in more detail.
6.3 Unavoidable Marginal Deformations
Interestingly, we also find that certain line defects must have marginal deformations. One
set of examples are the half-BPS superconformal lines in 3d N = 8 SCFTs. Recall that
the su(1, 1|4) displacement multiplet A1A¯1[12 ](1,0,0)1
2
(5.36) contains two top components, one
being the displacement operator for the line at level 3, while the other is a marginal operator
O at level 1 (which is exactly marginal in this case). Thus all half-BPS lines in 3d N = 8
SCFTs are guaranteed to have a complex one-dimensional conformal manifold. This is akin
to the case of 4d N = 4 SCFTs, where the stress-tensor multiplet contains a scalar top
component of ∆ = 4 that generates a conformal manifold of N = 4 SCFTs [43,44].
Another example of unavoidable defect marginal parameters are those which arise from
superconformal lines that break global symmetries of the bulk SCFT, or more generally any
one-form currents that commute with the worldvolume superconformal symmetry gs. The
modified Ward identities of these currents give rise to marginal operators that commute with
the supercharges in gs, as follows from Theorem 2.
7 Further Applications and Discussions
In this work, we have focused on exploring kinematic constraints on line defects in SCFTs
coming from the (residual) superconformal symmetry and its unitary representations. We
have observed that the introduction of supersymmetry leads to nontrivial constraints that
avaliable at https://www.ictp-saifr.org/wp-content/uploads/2020/08/CorreaIGST2020.pdf.
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greatly narrow down the list of admissible superconformal symmetries for line defects (see
Section 5 and Table 12). Additionally, possible supersymmetric deformations of these super-
conformal lines are also heavily constrained (see Section 6). Below we discuss some additional
applications of our results.
Defect Conformal Bootstrap
While some of the superconformal lines in Table 12 have explicit realizations in either su-
perconformal gauge theories or via RG flows that connect to supersymmetric non-conformal
gauge theories, others are still elusive (including the minimal superconformal line in d =
3, 4, 5, 6). In either case, it would be interesting to study such line defects following the de-
fect conformal bootstrap program [32–35,55,59], which incorporates dynamical information
of the defect SCFT, namely the operator spectrum and OPE coefficients. For example, one
can start with the four-point function of the universal displacement multiplet on the defect,
or with the two-point function of bulk local operators in the presence of the defect. For
both setups, the correlator is a function of a single conformal cross-ratio that obeys nontriv-
ial constraints from superconformal symmetry, unitarity, and crossing. For superconformal
lines that have known realizations, it would be interesting to combine the bootstrap with
other techniques such as supersymmetric localization [162] and integrability methods [176] to
solve the defect correlation functions.63 For more exotic cases, such as the putative minimal
superconformal lines in 6d (2, 0) SCFTs, the bootstrap program holds the promise of either
proving their absence or providing evidence for their existence.
Defect C-function and C-theorem
The C-function (F -function) that plays an important role in characterizing the monotonic
nature of RG flows between CFTs has a close analog in the presence of defects. A central
problem in this regard is to identify the defect C-function (F -function) in terms of defect ob-
servables and prove the corresponding C-theorem (F -theorem) for defect RG flows. Despite
a number of conjectures and partial checks [64,186–189], apart from a proof for line defects in
2d CFTs (also known as g-theorem) [190,191] and surface defects in general CFTs [65], the
defect C-theorems remain largely open (see [189] for a summary). For superconformal line
defects, as explained in Section 6, the only cases that admit relevant supersymmetric defor-
mations are the minimal superconformal lines in d = 3, 4, 5, 6 or the lines preserving su(1, 1|1)
63For recent progress along this line for the half-BPS Wilson lines in the 4d N = 4 SYM, see for example
[55,177–182] following earlier works on Wilson line DCFT in [183–185].
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symmetry in 3d N ≥ 2 SCFTs. It would be interesting to investigate these supersymmetric
defect RG flows in pursuit of a proof of the defect C-theorem in the supersymmetric setting.
As conjectured in [189], one expects the defect free energy FD ≡ − log〈D〉, where 〈D〉 is the
vev of the circular line operator (after Wick rotation to Euclidean signature),64 to be a mono-
tonic C-function (at least in the weak form). For su(1, 1|1) preserving superconformal lines
in 3d N ≥ 2 SCFTs, such defect vevs can be computed with the localization method [165],
which provides an explicit and nontrivial testing ground for possible defect RG flows and
the conjectured C-theorem.
Higher-form Symmetries
One notable feature of defects is that they detect higher p-form symmetries G[p] [30]. In
particular, an SCFT has a faithful one-form symmetry G[1] only if it contains line defects
that carry charges under G[1]. Since the quantized charges (for compact G[1]) do not renor-
malize under (defect) RG flows, we can focus on the conformal line defects that describe
IR fixed points of possibly non-conformal line defects charged under G[1] in the CFT. Re-
cently, numerous examples of SCFTs with nontrivial discrete one-form symmetries have been
identified from field theoretic arguments and string/M/F-theory constructions [193–200]. In
cases where there exists a Lagrangian description, such as in the 4d N = 4 SYM and 3d
N = 6 ABJM theories, the familiar (superconformal) Wilson line operators play the role of
nontrivial G[1] charged objects. In other non-Lagrangian cases such as 6d SCFTs it is yet to
be settled whether the fixed points harbor faithful one-form symmetries.65 Our classification
of superconformal lines in Section 5 indicates that the 6d (1, 0) SCFTs (with no enhanced
supersymmetry) do not admit any superconformal line defects, while 6d (2, 0) SCFTs only
admit the minimal superconformal line, which completely breaks the transverse so(5) rota-
tion symmetry. This puts strong constraints on the fate of the conformal phase of a putative
supersymmetric defect charged under the 6d one-form symmetry G[1]. If the defect that one
starts out with preserves N1 > 1 supercharges, it must become a nontrivial topological line
64The expectation value of the (Euclidean) conformal defect on a circle differs from that on a straight line
despite the two being related by a special conformal transformation. This is expected to be a consequence of
certain conformal anomaly of the line defect [192], however a complete characterization of this anomaly (e.g.
in terms of contact terms for the stress-tensor) is still lacking. See [56] for recent progress in understanding
this anomaly.
65See [201] for relevant recent discussions based on the 6d (1, 0) tensor branch effective theory.
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in the IR66 that preserves the full bulk superconformal symmetry.67 For N1 = 1, there is
the additional possibility of a minimal superconformal line, but only if the bulk SCFT has
(2, 0) supersymmetry and the line necessarily breaks transverse rotation symmetry. This
illustrates to some degree the difficulty in realizing one-form symmetries in 6d SCFTs. One
either has to forgo supersymmetry and look for non-supersymmetric conformal lines charged
under G[1] at the cost of losing analytic control, or to look for exotic minimal superconformal
lines that break transverse rotation symmetry. Similar RG constraints can be easily deduced
for line defects in other non-Lagrangian SCFTs, and it would be interesting to understand
the implications for one-form symmetries in such theories.
Defect Integrability
Integrability has proven to be a powerful tool to solve defect observables in the 4d N = 4
SYM and 3d N = 6 ABJM theories in the ’t Hooft large N limits (see [38, 129, 202] for
relevant reviews and [203–208] for more recent developments). The analysis hinges on the
assumption that the corresponding defects are integrable, examples of which include BPS
Wilson lines and interfaces. A general criterion for integrable defects in integrable field
theories was proposed in [209] (see also [210]), which states that the defect superconformal
algebra and the bulk superconformal algebra should form a symmetric pair (gs,Gs). In other
words, gs is a maximal subalgebra defined by the invariant subalgebra of an involution of
Gs. Since d = 5, 6 large N SCFTs are expected to be non-integrable [211], we focus on
d = 3, 4 SCFTs.68 Clearly the symmetric pair condition requires the superconformal defect
to be half-BPS. Among the admissible superconformal lines, this holds for half-BPS lines in
4d N = 2, 4 SCFTs with symmetric pairs (gs,Gs):
(osp(4∗|2), su(2, 2|2)) , (osp(4∗|4), psu(2, 2|4)) , (7.1)
66It can happen that the one-form symmetries only act non-trivially in a topological sector of the SCFT.
To give an example of such a topological sector, let’s consider the d-dimensional TQFT with the BF action
SBF =
N
2pi
∫
B ∧ dA where A and B are U(1) 1-form and (d − 2)-form gauge connections respectively.
This TQFT is also known as the ZN discrete gauge theory, as can be seen by integrating out continuous
fluctuations of A and B. The basic observables in the BF theory are topological defect operators W = ei
∮
A
and U = ei
∮
B defined by integrals over one and (d−2) dimensional submanifolds of the Euclidean spacetime.
The BF theory has (ZN )[d−2] × (ZN )[1] global symmetry with a mixed ’t Hooft anomaly. The generators of
these higher-form global symmetries are precisely given by W and U respectively. Moreover W is charged
under (ZN )[1] while U is charged under (ZN )[d−2], which gives rise to the mixed ’t Hooft anomaly.
67Here we assume that there is no spontaneous supersymmetry breaking. It would be interesting to
investigate this possibility further. For example, if the Witten index of the theory with the line D inserted
along the time direction is non-vanishing, such SUSY breaking is forbidden.
68The argument in [211] also rules out integrability for 4d N = 2 SCFTs of class S type which have M-
theory duals [212], as well as certain 3d N = 3 SCFTs with massive IIA duals [213,214].
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and for half-BPS lines in 3d N = 2, 4, 6, 8 SCFTs with symmetric pairs (gs,Gs):
(su(1, 1|1), osp(2|4;R)) , (u(1)o psu(1, 1|2)o u(1), osp(4|4;R)) ,
(su(1, 1|3), osp(6|4;R)) , (su(1, 1|4), osp(8|4;R)) .
(7.2)
It would be interesting to investigate and apply integrability methods to these line defects
beyond the ones in the 4d N = 4 SYM and 3d N = 6 ABJM theories.
Acknowledgements
We thank Simone Giombi, Ken Intriligator, Daniel Jafferis, Shota Komatsu, Bruno Le Floch
and David Tong for useful discussions and correspondences. We are also grateful to Simone
Giombi for helpful comments on the draft. The work of YW is supported in part by the
Center for Mathematical Sciences and Applications and the Center for the Fundamental
Laws of Nature at Harvard University.
A Exceptional Isomorphisms
A.1 Lie Algebras
In this section, we list the exceptional isomorphisms of the low-lying real forms of Lie al-
gebras. We refer the reader to e.g. Appendix A of [46] for a complete list of working
definitions. The relevant real forms (with anti-Hermtian generators) can be defined as the
matrix subalgebras
su(p, q) ≡ {A ∈ sl(p+ q,C) | A†Ip,q + Ip,qA = 0} ,
so(p, q) ≡ {A ∈ sl(p+ q,R) | AtIp,q + Ip,qA = 0} ,
usp(2p, 2q) ≡ sp(2p+ 2q,C) ∩ su(2p, 2q) ,
so(2m∗) ≡ {A ∈ so(2m,C) | A†J2m + J2mA = 0} ,
su(2m∗) ≡ {A ∈ sl(2m,C) | AJ2m − J2mA∗ = 0} ,
(A.1)
where the matrices Ip,q and J2m are given by
Ip,q =
(
−Ip 0
0 Iq
)
, J2m =
(
0 Im
−Im 0
)
. (A.2)
82
Here, In is the n×n identity matrix. It follows that the isomorphisms of compact real forms
are given by
so(2) ' u(1) ,
so(3) ' su(2) ' usp(2) ,
so(4) ' su(2)⊕ su(2) ,
so(5) ' usp(4) ,
so(6) ' su(4) ,
(A.3)
while those of the noncompact real forms are given by
so(2, 1) ' sl(2,R) ' su(1, 1) ' sp(2,R) ,
so(3, 1) ' sl(2,C) ,
so(2, 2) ' so(1, 2)⊕ so(1, 2) ,
so(4∗) ' sl(2,R)⊕ so(3) ,
so(4, 1) ' usp(2, 2) ,
so(3, 2) ' sp(4,R) ,
so(5, 1) ' su(4∗) ,
so(4, 2) ' su(2, 2) ,
so(6∗) ' su(1, 3) ,
so(3, 3) ' sl(4,R) ,
so(6, 2) ' so(8∗) .
(A.4)
Note that so(2∗) ' so(2) is compact.
A.2 Lie Superalgebras
There are several exceptional isomorphisms between the low-lying real forms of Lie superal-
gebras. Those relevant to this work are (see [46] for a more complete list):
osp(2∗|2) ' su(2|1) ,
osp(2|2;R) ' su(1, 1|1) ,
D(2, 1;λ; 0) ' osp(4∗|2) , λ = −2, 1 ,
D(2, 1;λ; 0) ' osp(4|2;R) , λ = −1
2
,
D(2, 1;λ; 0) ' D(2, 1;−1− λ; 0) , λ ∈ R .
(A.5)
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B Superconformal Algebras and Broken Generators
In this section, we establish our conventions for the 1d superconformal algebras under con-
sideration and present explicit formulae that may be useful for future work on the topic.
In particular, for each bulk spacetime dimension d = 3, 4, 5, 6, we provide an explicit re-
alization of the maximal 1d superconformal subalgebras, only listing the most important
details of further 1d subalgebras. We also describe the broken generators that enter into
the modified Ward identities. In most cases, the details of the bulk superconformal algebra
are irrelevant and so we need only list the branching rules that give the decomposition of
the bulk R-symmetry currents and supercurrents under the 1d subalgebra (as well as their
subalgebras). There is a single exception, namely the su(1, 1|N) subalgebra of osp(N|4;R),
where the u(1)RN charges of the broken bulk currents come from a combination of their
u(1)R ⊂ so(N )R charge as well as their transformation properties under transverse rota-
tions, and so their overall normalization is not fixed from the naive branching rules alone.
For this case, we provide an explicit embedding of the 1d algebra into the 3d superconformal
algebra.
In all cases, we work with the Euclidean conformal algebra of the radially quantized
theory (after Wick rotation), with generators {D,P,K} that satisfy
[D,P ] = P , [D,K] = −K , [K,P ] = 2D . (B.1)
and have the Hermiticity properties69
D† = D , P † = K , K† = P . (B.2)
B.1 su(1, 1|N)
Bulk 3d Algebra
We begin by laying out the conventions for osp(N|4;R), the 3d superconformal symmetry
algebra. Its bosonic part is isomorphic to so(2, 3)conf⊕ so(N )R. The conformal algebra con-
sists of dilatations D, translations Pαβ, special conformal transformations K
αβ, and Lorentz
rotations M βα , where the generators are written in the so(1, 2) spinorial basis with α, β = ±.
69In this appendix, to avoid factors of i’s in the (anti)commutation relations, we work with a different
dilatation generator from the main text, namely D = −iDE , whose eigenvalues are given by the real scaling
dimension ∆.
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In this basis, the conformal algebra takes the form70
[M βα , Pγδ] = δ
β
γPαδ + δ
β
δ Pαγ − δβαPγδ ,
[M βα , K
γδ] = −δγαKβδ − δδαKγβ + δβαKγδ ,
[M βα ,M
δ
γ ] = −δδαM βγ + δβγM δα , [D,Pαβ] = Pαβ, [D,Kαβ] = −Kαβ ,
[Kαβ, Pαβ] = 4δ
(α
(γM
β)
δ) + 4δ
α
(γδ
β
δ)D ,
(B.3)
The so(N )R R-symmetry generators RIJ = −RJI satisfy
[RIJ , RKL] = δIKRJL + δJLRIK − δJKRIL − δILRJK . (B.4)
The odd generators QIα and S
α
I obey the anti-commutation relations
{QIα, QJβ} = δIJPαβ ,
{SαI , SβJ} = −δIJKαβ ,
{QIα, SβJ} = δIJ(M βα + δ βαD) + 12δ βαRIJ .
(B.5)
Finally, the remaining commutation relations between the bosonic and fermionic generators
are given by
[Kαβ, QIγ] = δ
α
γ S
β
I + δ
β
γ S
α
I , [Pαβ, S
γ
i ] = −δ γαQIβ − δ γβ QIα ,
[M βα , QIγ] = δ
β
γ QIα − 12δ βαQIγ , [M βα , SγI ] = −δ γα SβI + 12δ βα SγI ,
[D,QIα] =
1
2
QIα , [D,S
α
I ] = −12SαI ,
[RIJ , QKα] = δIKQJα − δJKQIα , [RIJ , SαK ] = δIKSαJ − δJKSαI ,
(B.6)
The appropriate real form is specified by the Hermiticity properties of the generators, namely
D† = D , (Pαβ)† = Kαβ , (M βα )
† = M αβ , (RIJ)
† = RJI , (QIα)† = SαI . (B.7)
Maximal 1d Subalgebra
The 3d superconformal algebra osp(N|4;R) admits a maximal 1d subalgebra su(1, 1|N) ⊕
u(1)b with N =
1
2
N1 = b12Nc. For N = 2, su(1, 1|2) contains a nontrivial central ideal
and admits an extension by its u(1)b outer-automorphism, and so we instead consider the
subalgebra u(1)R2 o psu(1, 1|2)o u(1)b, where we have introduced the quotient psu(1, 1|2) '
70Here, we use parentheses to denote symmetrization over indices, i.e. A(ab) =
1
2 (Aab +Aba).
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su(1, 1|2)/u(1)R2 . We can choose an embedding of the superalgebras such that the 1d con-
formal generators are given by
D , P = P+− , K = K+− . (B.8)
The generators of the su(N)R ⊂ so(N )R R-symmetry subalgebra satisfy
[R ba ,R dc ] = δbcR da − δdaR bc , (B.9)
and are related to 3d generators as
R ba ≡ −
1
2
(R2a,2b +R2a−1,2b−1 + iR2a,2b−1 + iR2b,2a−1)− 1
N
δbar . (B.10)
Here, the u(1)r commutant of su(N)R ⊂ so(N )R is given by
r = i
N∑
a=1
R2a−1,2a . (B.11)
It follows that the commutant u(1)RN of su(1, 1)⊕ su(N)R ⊂ su(1, 1|N) is
RN = N
N − 2
(
M ++ −
r
N
)
, (B.12)
where for N = 2 we should replace RN → NN−2RN above and in all the formulas that
follow. The residual supercharges organize into two independent sets, namely {Qa,Sa} and
{Q¯a, S¯a}, which can be defined in terms of the 3d generators as
Qa ≡ Q2a−1+ + iQ2a+ , Q¯a ≡ Q2a−1− − iQ2a− ,
Sa ≡ S−2a−1 + iS−2a , S¯a ≡ S+2a−1 − iS+2a .
(B.13)
It is straightforward to show that
{Qa, Q¯b} = δ baP , {Sa, S¯b} = −δ baK ,
{Qa, S¯b} = δba
(
D + N−2
N
RN
)−R ba , {Sa, Q¯b} = δba (D − N−2N RN)+R ba . (B.14)
71Because R2 is central for psu(1, 1|2), the u(1)b factor acts nontrivially on the supercharges in such a way
as to maintain the same complex conjugation properties as for su(1, 1|N).
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The remaining algebraic relations are71
[R ba ,Qc] = δbcQa − 1N δbaQc , [R ba ,Sc] = δbcSa − 1N δbaSc ,
[R ba , Q¯c] = −δcaQ¯b + 1N δbaQ¯c , [R ba , S¯c] = −δcaS¯b + 1N δbaS¯c ,
[RN ,Qa] = 12Qa , [RN ,Sa] = 12Sa ,
[RN , Q¯a] = −12Qa , [RN , S¯a] = −12 S¯a ,
(B.15)
where R2 is central (i.e. it commutes with all of the supercharges). The Hermiticity prop-
erties follow from 3d as
(R ba )† = R ab , R†N = RN , (Qa)† = S¯a , (Q¯a)† = Sa . (B.16)
Broken 3d Generators
The set of broken charges in osp(N|4;R)/su(1, 1|N) that induce operators on the defect
consists of the transverse translations
P⊥ ≡ P++ , P¯⊥ ≡ P−− , (B.17)
with M ++ = ±1, the broken supercharges
Qa ≡ Q2a−1+ − iQ2a+ , Q¯a ≡ Q2a−1− + iQ2a− (B.18)
transforming in the (anti-)fundamental of su(N)R with M ++ = ±12 and r = ∓1, respectively,
and the broken R-symmetry generators
Rab ≡ R2a−1,2b−1 −R2a,2b − i(R2a−1,2b +R2a,2b−1) ,
R¯ab ≡ R2a−1,2b−1 −R2a,2b + i(R2a−1,2b +R2a,2b−1) ,
(B.19)
transforming in conjugate rank-2 antisymmetric representations of su(N)R with r = ∓2. It
follows that their u(1)RN charges are
RN [P⊥] = N
N − 2 , RN [Q
a] =
N + 2
2(N − 2) , RN [Rab] =
2
N − 2 , (B.20)
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where the barred generators have opposite RN charges. For odd N , there are additional
broken R-symmetries
Ra ≡ RN ,2a−1 − iRN ,2a , R¯a ≡ RN ,2a−1 + iRN ,2a−1 (B.21)
transforming in the (anti-)fundamental with r = ∓1, as well as additional broken super-
charges
Q ≡ Q+N , Q¯ ≡ Q−N (B.22)
with M ++ = ±12 and r = 0. Their u(1)RN charges are given by
RN [Ra] = 1
N − 2 , RN [Q] =
N
2(N − 2) , (B.23)
where again the generators with (+) ↔ (−) have opposite u(1)RN charges. For N = 2, we
rescale everything in (B.20) and (B.23) by N−2
N
such that
R2[P⊥] = 1 , R2[Qa] = 1 , R2[Rab] = 1 ,
R2[Ra] = 12 , R2[Q] = 12 .
(B.24)
1d Superconformal Subalgebras
There is a family of maximal 1d subalgebras su(1, 1|m)⊕ su(N −m)F ⊕ u(1)b of su(1, 1|N),
where the 1d R-symmetry of su(1, 1|m) is given by su(m)R ⊕ u(1)Rm . The subalgebra
is specified by partitioning the su(N)R fundamental indices into two sets, namely SR =
{1, . . . ,m} and SF = {m + 1, . . . , N}. The new R-symmetry generators and supercharges
follow from restricting the indices of R ba and the supercharges to lie in SR, while the flavor
symmetry generators are given by restricting the indices of R ba to SF , with the provision
that we remove the trace from the two sets of bosonic generators. This trace generates the
commutant u(1)r of su(m)⊕su(N−m) ⊂ su(N) with charge rN . We work in the conventions
where the fundamentals decompose as
su(4) ⊃ su(3)⊕ u(1)r : (1, 0, 0)→ (1, 0)1 ⊕ (0)−3 ,
su(4) ⊃ su(2)⊕ su(2)⊕ u(1)r : (1, 0, 0)→ ((1), (0))1 ⊕ ((0), (1))−1 ,
su(3) ⊃ su(2)⊕ u(1)r : (1, 0)→ (1)1 ⊕ (0)−2 ,
su(2) ⊃ u(1)r (1)→ ±1 .
(B.25)
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The u(1) charges are then related as
Rm = 1
N
(
(N − 2)RN − N −m
m
rm
)
, (m ≥ 2)
R1 = −1
2
R2 .
(B.26)
The R-symmetry generators decompose under su(m)R ⊕ su(N −m)F ⊕ u(1)r as
su(4) ⊃ su(3)⊕ u(1)r : (1, 0, 1)→ (1, 1)0 ⊕ (0, 0)0 ⊕ (1, 0)4 ⊕ (0, 1)−4 ,
su(4) ⊃ su(2)⊕ su(2)⊕ u(1)r : (1, 0, 1)→ (2, 0)0 ⊕ (0, 2)0 ⊕ (0, 0)0 ⊕ (1, 1)±2 ,
su(3) ⊃ su(2)⊕ u(1)r : (1, 1)→ (2)0 ⊕ (0)0 ⊕ (1)±3 ,
su(2) ⊃ u(1)r (2)→ 0⊕±2 .
(B.27)
The quantum numbers of the preserved and broken supercharged follow from (B.25) and
(B.26), and are listed in Table 13.
Q(N)a R1 R2 R3 RN r1 r2 r3 R1 su(1, 1|1) R2 psu(1, 1|2) R3 su(1, 1|3)
Q(2)1 +1 0 +1 − 12
Q(2)2 −1 0 −1 + 12 Q(1)
Q(3)1 +1 0 + 12 +1 +1 − 12 0 Q(2)1
Q(3)2 −1 +1 + 12 +1 +1 − 12 0 Q(2)2
Q(3)3 0 −1 + 12 −2 −2 + 12 Q(1) + 12
Q(4)1 +1 0 0 + 12 +1 +1 +1 − 12 0 Q(2)1 + 12 Q(3)1
Q(4)2 −1 +1 0 + 12 +1 +1 +1 − 12 0 Q(2)2 + 12 Q(3)2
Q(4)3 0 −1 +1 + 12 +1 −1 +1 − 12 + 12 + 12 Q(3)3
Q(4)4 0 0 −1 + 12 −3 −1 −3 + 12 Q(1) + 12 + 32
Table 13: Decomposition of the su(1, 1|N) supercharges under su(1, 1|m). Here, the Ri
function as weights both for su(N) as well as for su(m)⊕su(N−m). For the right half, black
weights denote preserved supercharges (and are accompanied with the associated generators),
while red weights denote broken supercharges. The same decomposition holds for the charges
Q¯a given that we reverse the signs of all the weights.
Another family of maximal 1d superconformal subalgebras is given by osp(N |2;R) ⊂
su(1, 1|N), where the bosonic part so(N)R is maximal in su(N)R. The R-symmetry gener-
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ators decompose under the branching rules for the adjoint,
(1, 0, . . . , 0, 1)→ (2, 0, . . . , 0)⊕ (0, 1, 0, . . . , 0) , (B.28)
where in particular the su(N)/so(N) generators transform in the (2, 0, . . . , 0), i.e. the rank
2 traceless symmetric representation. The preserved (broken) supercharges transform in the
vector representation and are given by real linear combinations of the conjugate supercharges
in su(1, 1|N).
B.2 osp(4∗|2N)
The maximal 1d superconformal subalgebra in 4d is given by osp(4∗|2N) ⊂ su(2, 2|N ) where
N = 1
4
N1 = b12Nc. Its maximal bosonic subalgbera is isomorphic to so(2, 1)conf ⊕ su(2)rot ⊕
usp(2N)R. The 1d R-symmetry algebra consists of su(2)rot transverse rotations, generated
byM βα with α, β = ±, and usp(2N)R ⊂ su(N )R, generated by Rab. Altogether the bosonic
generators satisfy
[M βα ,M δγ ] = δβγM δα − δδαM βγ ,
[Rab,Rcd] = ΩacRbd + ΩbcRad + ΩadRbc + ΩbdRac ,
(B.29)
where Ωab = −Ωba is the usual usp(2N) symplectic form.72 There are 8N odd generators,
which separate into 4N Poincare` superchargesQaα and 4N superconformal charges Sαa . They
anti-commute among one another as
{Qaα ,Qbβ} = ΩabαβP ,
{Sαa ,Sβb } = ΩabαβK ,
{Qaα,Sβb } = Ωab(M βα + δβαD) + δβαRab ,
(B.30)
and transform under the bosonic symmetries as
[D,Qaα] = 12Qaα , [D,Sαa ] = −12Sαa ,
[K,Qaα] = Sαa , [P,Sαa ] = −Qaα ,
[M βα ,Qaγ] = δβγQaα − 12δβαQaγ , [M βα ,Sγa ] = −δγαSβa + 12δβαSγa ,
[Rab,Qcα] = ΩacQbα + ΩbcQaα , [Rab,Sαc ] = ΩacSαb + ΩbcSαa .
(B.31)
72For N = 1 we take Ωab = ab to explicitly establish the isomorphism usp(2) ' su(2), and for N = 2 we
take the nonzero entries of the symplectic form to be Ω14 = Ω23 = 1.
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Their Hermiticity properties are given by
(Rab)† = Rba , (Qaα)† = ΩabSαb . (B.32)
Broken 4d Generators
The broken su(2, 2|N )/osp(4∗|2N) generators relevant for the modified Ward identities con-
sist of transverse translations, broken supercharges, and broken R-symmetries. Since there
are so few cases, we will handle each bulk superalgebra with N = 2, 3, 4 individually.
We first consider N = 2 with bulk symmetry su(2, 2|2). The transverse translations
transform in the 3 = (2) of su(2)rot and are neutral under the residual bulk R-symmetries.
The su(2)R ' usp(2)R R-symmetry is preserved, while u(1)R is broken. The associated gen-
erator is neutral under all of the 1d bosonic symmetries. The broken supercharges transform
in the (1) of su(2)rot, which follows directly from the branching rules of su(2)rot ⊂ so(1, 3) '
sl(2,C), namely
(1, 1)→ 2(1) . (B.33)
Here, the other instance of (1) corresponds to the preserved supercharges.
Next we consider N = 3, whose bulk symmetry su(2, 2|3) is broken to osp(4∗|2). The
broken generators include the broken N = 2 currents, as well as any N = 3 currents which
do not belong to the N = 2 bulk symmetry (either R-symmetry or flavor symmetry). In
particular, su(3)R is broken to su(2)R, and so there are additional broken currents whose
transformation properties follow from the su(3)R ⊃ su(2)R ⊕ u(1)R branching rules for the
adjoint
(1, 1)→ (0)0 ⊕ (1)±3 ⊕ (2)0 . (B.34)
That is, the broken currents transform as the (0) and the 2(1) under usp(2)R. Analogously,
the additional broken N = 3 supercharges transform in the 2(1) of su(2)rot and are neutral
under usp(2)R.
At last we consider N = 4, whose bulk symmetry psu(2, 2|4) is broken to osp(4∗|4). The
transverse translation generators transform identically to the other cases. The R-symmetry
su(4)R is broken to usp(4)R. Given the su(4)R ⊃ usp(4)R branching rules for the adjoint
(1, 0, 1)→ (0, 1)⊕ (2, 0) (B.35)
it follows that the broken R-symmetry generators transform in the (0, 1) under usp(4)R. The
broken supercharges again transform in the (1) of su(2)rot ⊂ so(1, 3), but now transform
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under usp(4)R as the (1, 0), which can be easily seen from the decomposition of the su(4)R
(anti-)fundamental.
1d Superconformal Subalgebras
The N = 1 superalgebra osp(4∗|2) has a maximal subalgebra su(1, 1|1) ⊕ u(1)b. Its R-
symmetry subalgebra u(1)R1 , generated by R1, is a Cartan element in the diagonal su(2)
subalgebra of su(2)rot ⊕ su(2)R, where su(2)R ' usp(2)R. Given the respective su(2)rot and
su(2)R Cartans, M and R, with ±1 eigenvalues acting on the doublet representation, we
have that
R1 = R− 12M . (B.36)
The transformation properties of the osp(4∗|2) supercharges under su(1, 1|1) are given in
Table 14.
Qaα M R R1 su(1, 1|1)
Q1+ + + +12 Q
Q2+ + − −32
Q1− − + +32
Q2− − − −12 Q¯
Table 14: Decomposition of the osp(4∗|2) supercharges under su(1, 1|1). In the right half,
black weights denote preserved supercharges, while red weights denote broken supercharges.
The N = 2 superalgebra osp(4∗|4) has a maximal subalgebra u(1)R2opsu(1, 1|2)ou(1)b.
Its R-symmetry subalgebra is su(2)R ⊕ u(1)R2 ⊕ u(1)b. The bosonic algebra su(2)R ⊕ u(1)r
is maximal in usp(4)R, which we take to be generated by {R±,R, r},
R+ = R12 , R− = R34 , R = −(R14 +R23) , r = R14 −R23 . (B.37)
It follows that the u(1)R2 R-charge can be written as
R2 = 12(r +M) . (B.38)
The transformation properties of the osp(4∗|4) supercharges under u(1)R2opsu(1, 1|2)ou(1)b
are given in Table 15.
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Q M r R R2 psu(1, 1|2)
Q1+ + + + +1
Q2+ + − + 0 Q1
Q3+ + + − 0 Q2
Q4+ + − − +1
Q1− − + + 0 Q¯2
Q2− − − + −1
Q3− − + − 0 Q¯1
Q4− − − − −1
Table 15: Decomposition of the osp(4∗|4) supercharges under u(1)R2 o psu(1, 1|2) o u(1)b
(by convention, all charges are integers). In the right half, black weights denote preserved
supercharges, while red weights denote broken supercharges.
B.3 D(2, 1;λ, 0)
The maximal 1d superconformal subalgebra in 5d is given by D(2, 1;λ, 0) ⊕ su(2)right ⊂
F (4; 2) with λ = 2, but to keep the discussion sufficiently general we allow λ ∈ R and
drop the su(2)right factor. The superalgebra D(2, 1;λ, 0) can be viewed as a deformation of
osp(4∗|2) (as well as osp(4|2;R)), where we take the su(2)left ⊕ su(2)R R-symmetry to be
generated by M βα and R ba , respectively, where α = ± and a, b = 1, 2. The R-symmetry
generators satisfy
[M βα ,M δγ ] = δβγM δα − δδαM βγ ,
[R ba ,R dc ] = δbcR da − δdaR bc .
(B.39)
There are eight odd generators, which separate into the Poincare` supercharges Qaα and
superconformal charges Saα. They anti-commute among one another as73
{Qaα ,Qbβ} = abαβP ,
{Saα ,Sbβ} = −abαβK ,
{Qaα,Sbβ} = δba(λM βα + δβαD)− (1 + λ)R ba ,
(B.40)
73The complex superalgebra D(2, 1;λ) with λ ∈ C is isomorphic to D(2, 1, λ′) for nontrivial λ′ ∈
{λ−1,−(1 + λ),−λ(1 + λ)−1}. Its real form D(2, 1;λ; 0) with λ ∈ R is isomorphic to D(2, 1;λ′; 0), but
only for a single nontrivial choice of λ′, which depends in particular on which of the three sl(2,C) factors
in the bosonic part of D(2, 1;λ) is selected as the conformal algebra sl(2,R) (the other two then have real
forms given by su(2) ⊕ su(2) ' so(4)). In our choice of conventions, the two algebras are isomorphic for
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and transform under the bosonic symmetries as
[D,Qaα] = 12Qaα , [D,Saα] = −12Saα ,
[K,Qaα] = Saα , [P,Saα] = −Qaα ,
[M βα ,Qaγ] = δβγQaα − 12δβαQaγ , [M βα ,Saγ] = −δγαSaβ + 12δβαSaγ ,
[R ba ,Qcα] = δbcQaα − 12δbaQcα, [R ba ,Scα] = −δcaSbα + 12δbaScα .
(B.41)
The relevant Hermiticity properties are
(R ba )† = R ab , (Qaα)† = Saα . (B.42)
A few comments are in order:
• The superconformal algebra D(2, 1;λ, 0) is isomorphic to D(2, 1;λ′, 0) for λ′ = −(1+λ),
where the map interchanges su(2)left and su(2)R. The isomorphism reduces to a Z2
outer-automorphism of D(2, 1;λ; 0) ' osp(4|2;R) for λ = −1
2
. We may therefore
restrict to values of λ ≥ −1
2
without loss of generality.
• There are several exceptional isomorphisms for certain values of λ that follow from the
definition of D(2, 1;λ) in terms of osp(4|2;C), namely D(2, 1; 0; 0) ' psu(1, 1|2)osu(2),
where the su(2) acts as an outer-automorphism, and D(2, 1; 1; 0) ' osp(4∗|2). This
can be verified explicitly from (B.40).
• The unitarity bounds depend discontinuously on the value of λ. This can already been
seen as a consequence of unitarity on generic multiplets. Consider some state |∆, j, r〉
in the SCP of a long multiplet of D(2, 1;λ; 0), i.e.
Saα|∆, j, R〉 = |∆, j, R〉 = 0 , (B.43)
where M− and R− are the standard raising operators of su(2)left and su(2)R, respec-
tively. Here, ∆ > 0 labels the state’s eigenvalue under D and j, R ∈ Z≥0 label its
eigenvalues under the su(2)left and su(2)R Cartans, respectively. Unitarity requires
that the inner products be positive-definite, i.e.〈
∆, j′, R′
∣∣∣{Qaα,Q†bβ}∣∣∣∆, j, R〉 > 0 , (B.44)
λ′ = −(1 + λ) (see e.g. [215]). This is contrast to those of [46], which specify the real form D(2, 1; c; 0) to be
invariant under c→ c−1. Their choice of parameter is related to ours by c = −λ(1 + λ)−1, as expected.
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where the anti-commutator is given by{
Qaα,Q†bβ
}
= δbaδ
β
αD + λδ
b
aM βα − (1 + λ)δβαR ba . (B.45)
Next, we use the the trick of [42] to relate the the eigenvalues of the su(2)left generator
acting on |∆, j, R〉 to its quadratic Casimir invariants,
1
2
[C2(J)− C2(j)− C2(1)] , (B.46)
where C2(j) =
1
2
j(j+2) and (J) labels an irrep in the tensor product (j)⊗ (1), with an
analogous result for the su(2)R generators. Consequently (B.44) implies a lower bound
on ∆ by the su(2)rot and su(2)R quantum numbers,
∆ > max
[
− 1
2
λj, λ(1 + 1
2
j)
]
+ max
[
1
2
(1 + λ)R, −(1 + λ)(1 + 1
2
R)
]
. (B.47)
The unitarity bounds which result clearly depend on the sign of λ ∈ [−1
2
,∞), with
∆ >

λ
2
j + 1+λ
2
R , −1
2
≤ λ < 0
1+λ
2
R , λ = 0
λ(1 + 1
2
j) + 1+λ
2
R , λ > 0
(B.48)
These three cases correspond to the well-known examples of osp(4|2;R) (−1
2
< λ < 0),
osp(4∗|2) (λ > 0), and psu(1, 1|2) (λ = 0). In particular, D(2, 1; 2; 0) falls into the
second class, and so has a multiplet structure most similar to osp(4∗|2).74
Broken 5d Generators
The broken F (4; 2)/D(2, 1; 2; 0) generators relevant for the modified Ward identities consist
of transverse translations and broken supercharges (the full 5d R-symmetry is preserved).
The transverse translations transform in the 4 = (1, 1) of su(2)left⊕su(2)right and are neutral
under su(2)R, as expected. The broken supercharges transform as the (1) under su(2)R and
as the (0, 1) under su(2)left ⊕ su(2)right, which follows from the branching rules of su(2)left ⊕
su(2)right ⊂ so(1, 4), namely
(0, 1)→ (1, 0)⊕ (0, 1) . (B.49)
74The representations of the (global part of) the large 2d N = 4 superconformal algebra, as considered
in [216,217], naturally belong to the first class.
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Here, the preserved supercharges transform as the (1, 0) factor in the RHS above.
1d Superconformal Subalgebras
The superalgebra D(2, 1;λ; 0) has a maximal 1d superconformal subalgebra su(1, 1|1)⊕u(1)b.
Its R-symmetry subalgebra u(1)R1 , generated by R1, is a Cartan element in the diagonal
subalgebra of su(2)left ⊕ su(2)R. Given the respective su(2)left and su(2)R Cartans M and
R, with ±1 eigenvalues acting on the doublet representation, we have that
R1 = 1+λ2 R− λ2M . (B.50)
The transformation properties of the D(2, 1;λ; 0) supercharges under u(1)R2 o psu(1, 1|2)o
u(1)b are given in Table 16.
Qaα M R R1 su(1, 1|1)
Q1+ + + +12 Q
Q2+ + − −(λ+ 12)
Q1− − + λ+ 12
Q2− − − −12 Q¯
Table 16: Decomposition of the D(2, 1;λ; 0) supercharges under u(1)R2 o psu(1, 1|2)ou(1)b.
In the right half, black weights denote preserved supercharges, while red weights denote
broken supercharges.
C Forbidden Superconformal Lines
In this section, we discuss 1d superconformal subalgebras that cannot be realized as the
symmetry of a unitary superconformal line defect. They appear in general as further sub-
algebras g′ of the 1d maximal subalgebras in (2.6). As we explain below, apart from the
osp(1|2;R) symmetry of minimal superconformal lines, only the superconformal algebras gs
in (2.6) are admissible symmetries of superconformal lines in each spacetime dimensions.75
Recall that due to the modified Ward identities in the bulk, each broken current induces
certain distinguished local operators on the defect. In particular, a broken R-symmetry
75In a rough sense, the superconformal lines prefer to be either maximal or minimal in terms of the 1d
superconformal symmetries they preserve.
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current JµR leads to a marginal scalar CP JR which transforms under the preserved defect
subalgebra according to the associated branching rules. We are interested in the case where
this R-symmetry current is preserved by a defectD described by some maximal 1d subalgebra
g ⊂ G (with g = gs ⊕ gb in (2.6)), but is broken by a putative defect D′ described by a
subalgebra g′ ⊂ g. By Theorem 4 of Section 4.2, JR must reside within a broken R-current
multiplet with respect to g′, either as a top component or one level below a top component.
For the 1d superconformal subalgebras considered below, we find that their unitary multiplet
structure, as described in Section 3, cannot accommodate such operators. It follows that
no such defect D′ preserving g′ (but not g) can exist. By extension, this also excludes
subalgebras of SCFTs with larger amounts of supersymmetry, i.e. g′ ⊂ g ⊂ G ⊂ G′, where
G′ can be associated with a higher spacetime dimension than G. In what follows, we provide
explicit arguments for the independent cases which are colored in blue in (C.1) (and rely on
the previous statement for the rest). In summary, the forbidden line defect algebras are:
d = 3 :

osp(3|2;R) ⊂ su(1, 1|3) ⊂ osp(6|4;R) ,
osp(4|2;R) ⊂ su(1, 1|4) ⊂ osp(8|4;R) ,
osp(3|2;R) ⊂ su(1, 1|4) ⊂ osp(8|4;R) ,
d = 4 :

su(1, 1|1) ⊂ osp(4∗|2) ⊂ su(2, 2|2) ,
su(1, 1|1) ⊂ osp(4∗|2) ⊂ su(2, 2|3) ,
u(1)o psu(1, 1|2)o u(1) ⊂ osp(4∗|4) ⊂ psu(2, 2|4) ,
su(1, 1|1) ⊂ osp(4∗|4) ⊂ psu(2, 2|4) ,
d = 5 : su(1, 1|1) ⊂ D(2, 1; 2; 0) ⊂ F (4; 2) ,
d = 6 :
osp(4∗|2) ⊂ osp(8∗|4) ,su(1, 1|1) ⊂ osp(4∗|2) ⊂ osp(8∗|4) ,
(C.1)
where we have suppressed commutants for clarity.76
76We emphasize that while superconformal lines preserving these superconformal symmetries g′ are for-
bidden as standalone defects, they can and in many cases do exist as superconformal lines inside a higher
dimensional superconformal defect in the SCFT. One example is given by the supersymmetric flavor Wilson-
’t Hooft lines on a half-BPS codimension-2 superconformal defect of the 6d (2, 0) SCFT [218], corresponding
to the sequence of subalgebras osp(4∗|2) ⊂ su(2, 2|2) ⊂ osp(8∗|4).
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C.1 d = 3, N = 6
Recall that su(1, 1|3)⊕u(1)b is maximal in the 3d N = 6 superconformal algebra osp(6|4;R),
with bosonic subalgebra
so(2, 1)conf ⊕ su(3)R ⊕ u(1)R3 ⊕ u(1)b . (C.2)
We now consider the 1d superconformal subalgebras of su(1, 1|3)⊕ u(1)b.
osp(3|2;R)
There is a maximal 1
4
-BPS subalgebra osp(3|2;R) ⊕ u(1)b, where its R-symmetry so(3) is
maximal inside su(3)R. The su(3)R currents decompose under so(3) ' su(2) as
(1, 1)→ (2)⊕ (4) , (C.3)
where 3 = (2) is the rank-2 antisymmetric representation (adjoint) of so(3), and 5 = (4)
is the rank-2 symmetric traceless representation (spin 2). The broken R-symmetry currents
transform in the (4) and therefore induce marginal scalars in the [−](4)1 on the defect. Given
that osp(3|2;R) does not have any unitary multiplets with such states, either as a top
component or one level below a top component, line defects with osp(3|2;R) symmetry in
3d N = 6 SCFTs are forbidden.
C.2 d = 3, N = 8
Recall that su(1, 1|4)⊕u(1)b is maximal in the 3d N = 8 superconformal algebra osp(8|4;R),
with bosonic subalgebra
so(2, 1)conf ⊕ su(4)R ⊕ u(1)R4 ⊕ u(1)b . (C.4)
We now consider the 1d superconformal subalgebras of su(1, 1|4)⊕ u(1)b.
osp(4|2;R)
There is a maximal 1
4
-BPS subalgebra osp(4|2;R) ⊕ u(1)b, where its R-symmetry so(4) is
maximal inside su(4)R. The su(4)R currents decompose under so(4) ' su(2)⊕ su(2) as
(1, 0, 1)→ (2, 0)⊕ (0, 2)⊕ (2, 2) , (C.5)
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where 6 = (2, 0)⊕ (0, 2) is the rank-2 antisymmetric tensor (adjoint) of so(4), and 9 = (2, 2)
is the rank-2 traceless symmetric tensor (spin 2). The broken R-symmetry currents transform
in the (2, 2) and therefore induce marginal scalars in the [−](2,2)1 on the defect. Given that
osp(4|2;R) does not admit any unitary multiplets with such states, either as a top component
or one level below a top component, line defects with osp(4|2;R) symmetry in 3d N = 8
SCFTs are forbidden.
C.3 d = 4, N = 2
Recall that osp(4∗|2) is maximal in the 4d N = 2 superconformal algebra su(2, 2|2), with
bosonic subalgebra
so(2, 1)conf ⊕ su(2)rot ⊕ su(2)R . (C.6)
We now consider the 1d superconformal subalgebras of osp(4∗|2).
su(1, 1|1)
There is a maximal 1
4
-BPS subalgebra su(1, 1|1)⊕u(1)b whose R-symmetry u(1)R1 sits inside
diag[su(2)rot, su(2)R]. The precise relation between the u(1)R1 charge R1 and the respective
su(2)rot ⊕ su(2)R Cartans, which we take to be M and R (with ±1 eigenvalues acting on
the doublet representation), is given by
R1 = R− 12M . (C.7)
From this, it follows that the broken su(2)R R-symmetry currents (with R = ±2) induce
marginal scalars in the [±2]1 on the defect. Given that su(1, 1|1) does not admit any unitary
multiplets containing such states, as all states obey ∆ ≥ |R1|, line defects with su(1, 1|1)
symmetry in 4d N = 2 SCFTs are forbidden.
C.4 d = 4, N = 4
Recall that osp(4∗|4) is maximal in the 4d N = 4 superconformal algebra psu(2, 2|4), with
bosonic subalgebra
so(2, 1)conf ⊕ su(2)rot ⊕ usp(4)R . (C.8)
We now consider the 1d superconformal subalgebras of osp(4∗|4).
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u(1)o psu(1, 1|2)o u(1)
There is a maximal 1
4
-BPS subalgebra u(1)R2opsu(1, 1|2)ou(1)b whose R-symmetry su(2)R⊕
u(1)R2 ⊕ u(1)b sits inside su(2)rot ⊕ usp(4)R. The bosonic algebras are related as follows.
The algebra usp(4)R has a maximal subalgebra su(2)R ⊕ u(1)r. The u(1)R2 charge is taken
to be
R2 = 12(r +M) , (C.9)
where r ∈ Z is the u(1)r charge and M is the su(2)rot Cartan as in previous cases. The
usp(4)R currents decompose under su(2)R ⊕ u(1)r as
(2, 0)→ (0)0 ⊕ (2)0 ⊕ (2)±2 . (C.10)
The broken usp(4)R R-symmetry currents transform in the (2)±2 and thus induce marginal
scalars in the [±1](2)1 on the defect. Given that u(1)R2 o psu(1, 1|2) o u(1)b does not admit
any unitary multiplets containing such states, either as a top component or one level below a
top component, line defects with u(1)R2 o psu(1, 1|2)o u(1)b symmetry in 4d N = 4 SCFTs
are forbidden.
C.5 d = 5, N = 1
Recall that D(2, 1; 2; 0) ⊕ su(2)right is maximal in the 5d N = 1 superconformal algebra
F (4; 2), with bosonic subalgebra
so(2, 1)conf ⊕ so(4)rot ⊕ su(2)R , (C.11)
where so(4)rot ' su(2)left ⊕ su(2)right. We now consider the 1d superconformal subalgebras
of D(2, 1; 2; 0)⊕ su(2)right.
su(1, 1|1)
There is a maximal 1
4
-BPS subalgebra su(1, 1|1)⊕u(1)b⊕su(2)right with R-symmetry u(1)R1 ,
where u(1)R1 sits inside diag[su(2)left, su(2)R], and is taken to be
R1 = 32R−M , (C.12)
where R andM are the Cartans of su(2)R and su(2)left respectively as before. From this, it
follows that the broken su(2)R R-symmetry currents (with R = ±2) induce marginal scalars
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in the [±3]1 on the defect. Given that su(1, 1|1) does not admit any unitary multiplets
containing such states, as all states obey ∆ ≥ |R1|, line defects with su(1, 1|1) symmetry in
5d N = 1 SCFTs are forbidden.
C.6 d = 6, N = (2, 0)
osp(4∗|2)
The 6d N = (2, 0) superconformal algebra osp(8∗|4) does not possess any maximal sub-
algebras describing the symmetries of superconformal lines, let alone any odd-dimensional
superconformal defects. In this case, the best we can do is to consider a maximal 1d su-
perconformal subalgebra which is maximal in some subalgebra of osp(8∗|4). There are two
possibilities, namely osp(4∗|2) ⊕ u(1)b in su(2, 2|2) ⊕ u(1)b and the diagonal subalgebra of
osp(4∗|2) ⊕ osp(4∗|2). Both are 1
4
-BPS, while the former is a maximal 1d subalgebra. Its
bosonic part consists of
so(2, 1)conf ⊕ su(2)rot ⊕ su(2)R ⊕ u(1)b . (C.13)
Let us briefly describe the relations among the various bosonic algebras. We have that
su(2)R ⊕ u(1)r is maximal in the 6d R-symmetry usp(4)R, where u(1)b is a combination
of u(1)r and the four-dimensional transverse rotation symmetry of R1,3 ⊂ R1,5. This is in
contrast to su(2)rot ' so(3), which is the one-dimensional transverse rotation symmetry of
R1 ⊂ R1,3. In any case, the usp(4)R R-symmetry currents decompose under su(2)R ⊕ u(1)r
as
(2, 0)→ (0)0 ⊕ (2)0 ⊕ (2)±2 . (C.14)
Part of the broken usp(4)R currents, as given by (2)±2, induce marginal scalars [0]
(2)
1 ⊕ [0](2)1
on the defect. Given that osp(4∗|2) does not admit any unitary multiplets containing such
states, either as a top component or one level below a top component, line defects with
osp(4∗|2) symmetry in 6d N = (2, 0) SCFTs are forbidden.
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